
y & R - & g - -  G 0 7 - / I  b 
Linear and Nonlinear Theory of 

Grid Excitation of Low Frequency Waves in a Plasma/ 
/ 

George L. Johnston 

April, 1967 

Plasma Physics Group 
Department of Physics 
University of California 
Los Angeles, California 

R- 13 



Reproduction i n  whole or in  part is permitted f o r  any purpose 

of the United S ta tes  Government. 

This research was p a r t i a l l y  sponsored by the  Of f i ce  of 

Naval Research, NONR 4756(01). 



Chapter 

TABLE OF CONTENTS 

Page 

LIST OF TABLES .......................................... v i  

LIST OF FIGURES ......................................... v i  

ACKNOWLEDGMENT ......................................... v i i  

ABST~CT ................................................ i x  

Page 

I .  INTRODUCTION ............................................ 1 

1.1 Statement of the  Problem.... . . . . . . . . . . . . . . . . . . . . . . .  2 

1.2 Vlasov Equation .................................... 4 

1.3 Laplace-Fourier Transforms i n  Linearized Theory .... 6 

1.4 Analyt ic  Continuation of Functions Defined by 
Velocity I n t e g r a l s  ................................. 11 

11. 

111. 

RESPONSE TO LON FREQUENCY G R I D  EXCITATION I N  
LINEARIZED THEORY.... . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  18 

2 .1  Fundamental In t eg ra l s  for Grid Exci ta t ion :  
Dipole L i m i t  and F i n i t e  Separat ion Cases........... 19 

2.2 Transformation of In tegra t ion  Variable  and 
Separat ion i n t o  Two I n t e g r a l s  ...................... 23 

2.3 Path of Steepest  Descents for Ion I n t e g r a l  ......... 27 

2.4 Advantages of Present Method....................... 31 

2.5 Deformed Contour f o r  Electron I n t e g r a l  ............. 32 

2.6 Numerical Results. . . . . . .  ........................... 34 

FORMJLATION OF RESPONSE : NONLINEAR THEORY. ............. 43 

3.1 Per turba t ion  Expansion of Vlasov Equation .......... 44 

3.2 General Formulation of  Lowest Order Nonlinear 
Response ........................................... 49 

i v  



Chapter Page 

IV . 

V . 

3 . 3  Dominant Pole Approximation ........................ 53 

3.4 Relation of Velocity Integrals to Plasma 
Dispersion Functions... ........................... 59 

3.5 Zero Frequency Response ............................ 60 

DOUBLE FREQUENCY RESPONSE .............................. 67 

4.1 Formulation of Fourier Integrals and Deformation 
of Contour ........................................ 67 

4.2 Transformation of Variable of Integration and 
Separation of Integrals ........................... 72 

4.3 Evaluation of Ion-like Integral ................... 75 

4.4 Evaluation of Electron-like Integral .............. 78 

4.5 Residue Contributions ............................. 80 

4.6 Numerical Results.. ............................... 82 

CONCLUSION ............................................. 85 

APPENDIX A . INVERSION OF CONFORMAL TRANSFORMATION 
FOR PATH OF STEEPEST DESCENTS ............. 87 

BIBLIOGRAP~1Y ........................................... 89 

V 



LIST OF TABLES 

Page 

1 . Fundamental I n t e g r a l  f o r  F i n i t e  Separat ion .................. 38 

2 . Dimensionless Var iab les  ..................................... 47 

LIST'OF FIGURES 

Page 

1 . Branch-cut of t he  Function A ( C )  ............................ 13 

2 . Mapping o f  Branch-cut on to  k Plane f o r  Complex w .......... 16 

3 . Mapping o f  Branch-cut on to  k Plane f o r  Real w ............ 17 

4 . Folded Contour o f  In tegra t ion  i n  k Plane f o r  I n t e g r a l  

i n  Linear ized Theory ........................................ 21 

5 . I n i t i a l  Contour of Fundamental I n t e g r a l  i n  5 Plane ........ 25 

6 . Path of S teepes t  Descents f o r  Ion I n t e g r a l  .................. 29 

7 . Deformed Contour for  Electron I n t e g r a l  ...................... 35 

8 . Numerical Resul t s  i n  Linear Theory .......................... 42 

9 . Folded Contour of  In tegra t ion  i n  k Plane for  I n t e g r a l s  i n  

Nonlinear Theory ............................................ 71 

10 . Numerical Calcu la t ion  of Double Frequency Component ......... 84 

J 

vi  



ACKNOWLEDGMENT 

The patient encouragement and unsparing guidance of Professor 

Alfredo BaGos, Jr.,  in this dissertation and in the education of its 

author are warmly and gratefully acknowledged. 

The author also expresses his appreciation to Professor Burton D. 

Fried f o r  his important contributions to this dissertation. 

This work was supported by the U. S. Office of Naval Research, 

the National Science Foundation, the Ford Foundation, the University 

of California, Los Angeles, and the National Aeronautics and Space 

Administration. 

by the TRW Systems On-Line Computer is acknowledged. 

The facilitation of a difficult computational task 

vii 



ABSTRACT OF TIE DISSERTATION 

Linear and Nonlinear Theory of Grid Exci ta t ion  

of  Low Frequency Waves i n  a Plasma 

by 

George Lawrence Johnston 

Doctor of Philosophy i n  Physics 

Univers i ty  of Ca l i fo rn ia ,  Los Angeles, 1967 

Professor  Alfred0 BaEos, Jr., Chairman 

The s t eady- s t a t e  response of an i n f i n i t e ,  uniform expanse of ho t ,  

r a r e f i e d  plasma t o  low-frequency e x c i t a t i o n  by a p a i r  of  i dea l i zed  

p a r a l l e l  plane g r i d s  i s  inves t iga ted .  

e x c i t a t i o n  of longi tudina l  waves is considered both i n  t h e  l i n e a r i z e d  

( in f in i t e s ima l  amplitude) l i m i t  and i n  t h e  weakly nonl inear  case o f  

small but  f i n i t e  amplitude dis turbances.  

The Vlasov equation f o r  g r i d  

In  t h e  l i n e a r i z e d  theory,  the Four ie r  invers ion  i n t e g r a l  f o r  t h e  

s p a t i a l  behavior of t h e  p o t e n t i a l  exc i t ed  i n  the  plasma by a p a i r  of  

g r i d s  with f i n i t e  spacing is  evaluated by f i rs t  transforming t h e  

v a r i a b l e  of  i n t e g r a t i o n  from the  Fourier  t ransform v a r i a b l e  k t o  

t = wo/kai , where w is  the  d r iv ing  frequency and a i s  the  ion 

thermal speed, and then separa t ing  t h e  in tegrand  i n t o  two p a r t s ,  one 

p r i n c i p a l l y  respons ib le  f o r  the ion a c o u s t i c  wave near  t he  g r i d  and 

the  o the r  f o r  t he  e l ec t ron  wave a t  l a r g e  d i s t a n c e s  from the  g r i d .  ~ For 

d r iv ing  f requencies  small i n  comparison with t h e  ion plasma frequency, 

@ 
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, 
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t h e  r e s u l t i n g  i n t e g r a l s  are evaluated numcrical ly  along appropr i a t e  

deformed contours  of i n t eg ra t ion .  The pa th  of  s t e e p e s t  descents  i s  

chosen f o r  t h e  ion i n t e g r a l ;  it includes a r e s idue  con t r ibu t ion  from 

t h e  polc  which g ives  the  dominant behavior of t h e  ion wave. In  both 

cases, the  in tegrands  undergo small phase changes over t h e  chosen con- 

t o u r s ,  Numerical r e s u l t s  are presented; i n  t h e  d ipo le  l i m i t ,  t h e  

r e s u l t s  of  Gould are recovered. 

A per tu rba t ion  series expansion of t h e  p o t e n t i a l  and o f  t h e  

1 

spec ie s  d i s t r i b u t i o n  func t ions  i n  t h e  (nonl inear )  Vlasov equation 

y i e l d s  a hierarchy  of equat ions assoc ia ted  with a smallness  parameter 

propor t iona l  t o  t h e  amplitude of exc i t a t ion .  In each o rde r  t h e  equa- 

t i o n s  are l i n e a r  i n  t h e  per turba t ion  q u a n t i t i c s  of t h a t  o rde r  and hav 

d r i v i n g  terms composed of quadra t ic  combinations of lower o rde r  quan- 

t i t i e s .  For s u f f i c i e n t l y  small amplitudes of  e x c i t a t i o n ,  t h e  p r i n c i p a l  

con t r ibu t ions  t o  t h e  response come from t h e  f i rs t  and second o rde r  

equations.  

obtained. In  t h e  second o rde r ,  the s t e a d y - s t a t e  response c o n s i s t s  of  

zero  frequency and double frequency components. 

Landau, t he  second o rde r  equations are Laplace-Fouricr transformed and 

In t h e  f irst  o rde r ,  the l i n e a r i z e d  Vlasov equat ion is 

In t h e  manner of 

r e s u l t i n g  v e l o c i t y  i n t e g r a l s  a r e  a n a l y t i c a l l y  continued and expressed 

i n  terms of  t h e  plasma d ispers ion  func t ion .  Confining our  a t t e n t i o n  

t o  d r i v i n g  f requencies  small i n  comparison with t h e  ion plasma frequen- 

cy,  and approximating the  dr iv ing  terms ( l i n e a r i z e d  response) by t h e i r  

dominant po le  component, we obtain t h e  Four ie r  invers ion  i n t e g r a l s  f o r  

t h e  s t eady- s t a t e  response.  The i n t e g r a l s  are evaluated numerical ly  by 

methods developed i n . t r e a t i n g  the  l i n e a r i z e d  problem. The double 

X 



frequency component of the  response i s  s t rong ly  damped, l i k e  an "ion 

wave" but  has a slow phase va r i a t ion  with d i s t ance ,  l i k e  an "e lec t ron  

wave". 

unaccompanied by spec ie s  cu r ren t  d e n s i t i e s .  

The zero  frequency component is a p o l a r i z a t i o n  of t h e  plasma 

1. R. W. Gould, Physical  Review 136, A991 (1964). - 
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I .  INTRODUCTION 

The e x i s t i n g  theory of waves i n  plasmas dea l s  ex tens ive ly  with 

t h e  evolu t ion  i n  time o f  an i n i t i a l  pe r tu rba t ion  i n  a plasma. 

i n  much of  t h e  e x i s t i n g  theory i s  t h e  assumption o f  small d is turbances ,  

which permits  a l i n e a r i z e d  t reatment .  

l e s s  familiar problem o f  the  s t eady- s t a t e  response o f  a plasma t o  a 

loca l i zed  time-harmonic exc i t a t ion .  

t h e  l i n e a r i z e d  case but  a l s o  the  case of the  weakly nonl inear  response 

t o  a l eve l  of  e x c i t a t i o n  somewhat h igher  than t h a t  f o r  which a 

l i n e a r i z e d  t reatment  is appropriate .  

Present  

This d i s s e r t a t i o n  cons iders  t h e  

The d i s s e r t a t i o n  t r e a t s  no t  only 

Sect ion 1 o f  t h i s  chapter  contains  a s p e c i f i c  s ta tement  of t h e  

problem. 

which embodies t h e  k i n e t i c  theory formulat ion used i n  t h i s  d i s s e r t a t i o n .  

Sec t ion  3 descr ibes  t h e  Laplace-Fourier t ransform method o f  t r e a t i n g  

t h e  l i nea r i zed  Vlasov equation and p resen t s  t h e  Four ie r  invers ion  

i n t e g r a l  f o r  t h e  s t e a d y - s t a t e  response of  t h e  plasma t o  e x c i t a t i o n  by 

a l oca l i zed  ex te rna l  charge dens i ty  i n  the  l i n e a r i z e d  theory.  

Sec t ion  4 t h e  a n a l y t i c  cont inuat ion of c e r t a i n  func t ions  of a complex 

v a r i a b l e  which appear i n  t h e  transform of t h e  p o t e n t i a l  i s  obtained 

as a necessary prel iminary t o  the  eva lua t ion  of  t h e  Four ie r  invers ion  

i n t e g r a l  f o r  t he  s t eady- s t a t e  response. 

Sec t ion  2 conta ins  a desc r ip t ion  of the  Vlasov equat ion,  

In 

Chapter I1 desc r ibes  a novel method o f  numerical  eva lua t ion  o f  t he  

Four ie r  invers ion  i n t e g r a l  f o r  the s t eady- s t a t e  behavior  of t he  

p o t e n t i a l  i n  t he  l i n e a r i z e d  theory. The method is  appl ied  t o  the  case  

of a d i s t r i b u t i o n  of  ex te rna l  charge d e n s i t y  d i f f e r e n t  from t h a t  

1 
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prev ious ly  considered. Chapter 111 desc r ibes  a pe r tu rba t ion  series 

method of  t r e a t i n g  t h e  weakly nonl inear  response of the  plasma t o  a 

level  of e x c i t a t i o n  somewhat higher  than t h a t  f o r  which a l i n e a r i z e d  

t rea tment  is appropr ia te .  

approximation, t o  t h e  present  problem. One component of the  lowest 

The method is  appl ied ,  by making a necessary 

. o r d e r  nonl inear  response,  a t  zero frequency, i s  determined. Chapter I V  

c o n t a i n s  t h e  t reatment  of  the  o ther  component of  t he  lowest o rde r  non- 

l i nea r  response,  a t  twice the  frequency of  t he  ex te rna l  e x c i t a t i o n .  a 
1.1 Statement o f  t h e  Problem 

We cons ider  t h e  s t eady- s t a t e  e x c i t a t i o n  o f  l ong i tud ina l  waves i n  

an i n f i n i t e ,  uniform expanse of plasma composed of e l ec t rons  and s i n g l y  

charged ions .  

t h a t  t h e  effects o f  c l o s e  i n t e r a c t i o n s  between p a r t i c l e s  are  n e g l i g i b l e  

re la t ive  t o  t h e  effects of c o l l e c t i v e  i n t e r a c t i o n s .  Under t h e s e  condi- 

t i o n s  t h e  plasma may be  descr ibed by the  Vlasov o r  c o r r e l a t i o n l e s s  

k i n e t i c  equat ion,  which determines the  evolu t ion  of the  one-body d i s t r i -  

bu t ion  func t ions  of i ons  and e lec t rons .  

The plasma considered is s u f f i c i e n t l y  hot  and r a r e f i e d  

1 

The source of e x c i t a t i o n  is a p a i r  of i d e a l i z e d  p a r a l l e l  p lane  

g r i d s  which, i n  the  s t e a d y s t a t e ,  e s t a b l i s h e s  a one-dimensional, time- 

harmonic p o t e n t i a l  i n  t h e  plasma; t h e  g r i d s  are assumed not  t o  i n t e r c e p t  

any par t ic les  of  t he  plasma. 

i o n  plasma frequency; t h e  response accordingly involves  both e l e c t r o n  

and ion dynamics. The response is  damped with inc reas ing  d i s t a n c e  from 

t h e  g r i d s ,  This behavior  is the  s p a t i a l  analogue of  t h e  Landau damping 

i n  time of  an i n i t i a l  per turba t ion  i n  spec ie s  d i s t r i b u t i o n  func t ions  

@ 
The frequency of e x c i t a t i o n  is below the  
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2 predicted from the Vlasov equation. 

The steady-state response to small amplitude grid excitation* 

described by the linearized Vlasov equation may be determined by numer- 

ical evaluation of a Fourier inversion integral. This evaluation has 

been performed by folding the primitive Fourier inversion contour to 

obtain a branch-cut integral along the positive real axis and by 

numerical integration along the deformed contour. An alternative 

method of evaluating the integral, which possesses advantages over the 

method described, is presented in this dissertation, below. The new 
e 

method is used to study the effect of variable distance between the 

grids; prior calculations consider only the dipole limit, in which 

the distance between grids is allowed to go to zero while the product 

of distance and amplitude of charge density on either grid remains 

finite . 
The weakly nonlinear steady-state response to grid excitation is 

studied by a perturbation expansion of the Vlasov equation involving a 

smallness parameter proportional to the amplitude of grid excitation. 

The lowest order nonlinear response, which consists of components of 

zero frequency and twice the applied frequency, is considered. The 

problem is rendered tractable by approximating the potential in the 

linearized theory, which appears quadratically in the driving term of a 
the equations determining nonlinear quantities of lowest order, by an 

exponentially damped term. This term is the dominant component of the 

linear response over a large range of the spatial variable. The method 

* Excitation of these waves was achieved by Wong, D'Angelo, and 
Motley. 
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developed f o r  eva lua t ion  of i n t e g r a l s  i n  t h e  l i n e a r i z e d  theory i s  

app l i ed  with appropr ia te  modifications t o  the  Fourier  invers ion  i n t e -  

g r a l s  which appear i n  t h e  nonl inear  theory.  

1.2 Vlasov Eauation 

As a plasma becomes h o t t e r  and more r a r e f i e d ,  c lose  i n t e r a c t i o n s  

between p a r t i c l e s  become l e s s  important r e l a t i v e  t o  long range co l l ec -  

t i v e  i n t e r a c t i o n s .  

neglected t h e  Vlasov o r  c o r r e l a t i o n l e s s  k i n e t i c  equation i s  obtained.  

In  the  l i m i t  i n  which c l o s e  i n t e r a c t i o n s  may be e 
When the  i n t e r a c t i o n s  between p a r t i c l e s  a re  Coulomb i n t e r a c t i o n s ,  t h e  

Vlasov equat ion is  given by the  s e t  1 

For the  two-species plasma considered, a = i ,  e, fo r  ions  and 

e l e c t r o n s ,  r e spec t ive ly ;  n is the  mean number d e n s i t y  of spec ie s  

a (meters-3) . The func t ion  Fa(x,v,t) - -  
func t ion  of spec ie s  a . The quan t i ty  n F (x ,v , t )d  x d v i s  t h e  

mean number of  p a r t i c l e s  of spec ies  i n  t h e  six-dimensional phase 

space volume element, d x d v , a t  x,v a t  time t . The e x t e r n a l  

charge d e n s i t y  which is t h e  source of t he  ex te rna l  e lectr ic  f i e l d  is 

p,(x,t) . The q u a n t i t y  @ ( x , t )  - is  t h e  Vlasov o r  s e l f - c o n s i s t e n t  

oa 

is t h e  one-body d i s t r i b u t i o n  

3 3  
o a a - -  - -  

a 
3 3  - -  -- 
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p o t e n t i a l .  

p a r t i c l e s .  

I t s  sources  are t h e  ex te rna l  charge d e n s i t y  and t h e  plasma 

In order  t o  l i n e a r i z e  the  Vlasov equation we re so lve  the  spec ie s  

d i s t r i b u t i o n  funct ions i n t o  two terms, 

(1.2.3) 

i n  which foa(x) descr ibes  a uniform, time-independent s t a t e  of  t h e  

plasma and f,(Z,L,t) i s  a small  pe r tu rba t ion  t h e r e t o .  The v e l o c i t y  

i n t e g r a l  of foa(x) is normalized t o  un i ty .  Since t h e r e  is  s t r i c t  

charge n e u t r a l i t y  i n  the  unperturbed s t a t e ,  t h e  spec ie s  charges and 

mean number d e n s i t i e s  s a t i s f y  the  r e l a t i o n  

The Vlasov p o t e n t i a l  is l ikewise expanded i n t o  two terms, 

(1.2.4) 

(1.2.5) 

In  t h e  unperturbed state descr ibed above, 0 is  a cons tan t  which we 

se t  equal t o  zero. Since f a (x ,v , t )  -- i s  small r e l a t i v e  t o  foa(v) , 
t h e  term i n  the  Vlasov equation involving the  product 

neglected,  g iv ing  f o r  t h e  l i nea r i zed  Vlasov equat ion t h e  s e t  

@fa may be 



1.3 Laplace-Fourier Transforms i n  Linearized Theory 

In  the  remaining two sec t ions  of t h i s  chap te r  we develop a widely 

used method f o r  t he  t reatment  of  t h e  l i n e a r i z e d  Vlasov equation. In 

t h e  manner of  Landau’ the  s e t  of equat ions i s  Four ie r  transformed i n  

space and Laplace transformed i n  time. 

defined by v e l o c i t y  i n t e g r a l s  which r e s u l t  a r e  a n a l y t i c a l l y  continued 

Functions of  a complex v a r i a b l e  

throughout t h e  plane of t h e i r  argument. 

of the  per turba t ion  p o t e n t i a l  i n  the  plasma is  expressed i n  terms of 

t he  transform of the  ex te rna l  charge d e n s i t y  and of the  d i e l e c t r i c  

func t ions  which embody t h e  response of  t h e  plasma i n  t h e  l i n e a r i z e d  

theory.  

The Laplace-Fourier transform 

The Fourier  invers ion  i n t e g r a l s  f o r  t he  s t e a d y - s t a t e  p o t e n t i a l  

a r e  exhibi ted.  

The Fourier  transform p a i r  f o r  the  p o t e n t i a l  i s  

0 (1.3.1) 

(1.3.2) 

A similar p a i r  e x i s t s  f o r  f a ( x , v , t )  -- and fa(&,v,t)  . Taking t h e  

Fourier  transform of the  l i nea r i zed  Vlasov equat ion and a s s m i n g  t h a t  
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perturbed q u a n t i t i e s  go t o  zero as 1x1 approaches i n f i n i t y ,  we 

obta in  

(1.3.3) 

The Laplace transform p a i r  f o r  t he  p o t e n t i a l  i s  

(1.3.5) 

(1.3.6) 

A s i m i l a r  p a i r  e x i s t s  f o r  fa(K,v,t) and f a ( ~ D ~ D w )  . The t ransforms 

ex is t  f o r  y = I m h )  > yo , where 

i t i e s  of the  transforms. 

denoted by L . The Laplace-Fourier transformed Vlasov equation is  

Im{w) = yo l i e s  above a l l  s ingu la r -  

The invers ion  contour s p e c i f i e d  above i s  

t h e  s e t  a 
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The q u a n t i t y  fa(k,x,t = 0) i s  t h e  Four ie r  t ransform of t h e  

a , i n i t i a l  pe r tu rba t ion  t o  t h e  d i s t r i b u t i o n  func t ion  of spec ie s  

unperturbed spec ie s  d i s t r i b u t i o n  func t ions  which w e  cons ide r  are 

Maxwellian with no d r i f t  v e l o c i t y ,  

The 

(1.3.9) 

where v2 = v: + v + v and aa is  t h e  thermal speed o f  spec ie s  Y z 
a . We no te  t h a t  t he  v e l o c i t y  i n t e g r a l  of t h i s  d i s t r i b u t i o n  func t ion  

i s  proper ly  normalized t o  uni ty .  A plasma whose unperturbed s t a t e  i s  

descr ibed by t h e s e  d i s t r i b u t i o n  func t ions  i s  s t a b l e :  i n i t i a l  per turba-  

t i o n s  t o  the d i s t r i b u t i o n  func t ions  are  damped i n  time.' 

we l l  assume, t h e r e f o r e ,  t h a t  t h e r e  a r e  no i n i t i a l  p e r t u r b a t i o n s  t o  t h e  

d i s t r i b u t i o n  func t ions ;  hence, w e  pu t  

We may as 

falc,x,t = 0) equal  t o  zero.  

We cons ider  e x c i t a t i o n  of thc  plasma by an i d e a l i z e d  p a i r  of 

g r i d s  which produces an ex te rna l  charge d e n s i t y  with a s p a t i a l  v a r i a -  

t i o n  only i n  t h e  x -d i r ec t ion :  

Fourier  t ransform of t h i s  charge d e n s i t y  i n  accordance with Equations 

(1) and (S), we have 

p,(x,t) = pe(x, t )  . Taking t h e  Laplace- 

(1.3.10) 

The ex terna l  f i e l d  produced by t h i s  charge d e n s i t y  a f f e c t s  only t h e  

x-component of t h e  v e l o c i t y  of  a p a r t i c l e .  

a per turba t ion  i n  t h e  plasma which is no t  s t r i c t l y  i n  t h e  x -d i r ec t ion  

Any Fourier  component o f  
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is uncoupled from the  ex te rna l  e x c i t a t i o n  and is  n o t  considered here .  

Therefore fa(kJIJw) and 0 (k ,w) have t h e  same func t iona l  dependence 

on - k as p,(&,w) ; 

kx(a/3vx) . 
x-d i r ec t ion ,  which appear only paramet r ica l ly .  

one-dimensional Vlasov equat ion t h e  set  

fur thermore,  we have -- k*v  = kxvx and - k*(a /av)  - = 

We i n t e g r a t e  over v e l o c i t y  components perpendicular  t o  t h e  

We ob ta in  f o r  t h e  

J - a 0  

i n  which foa(vx) i s  t h e  one-dimensional Maxwellian d i s t r i b u t i o n  

2 2  
-vx /aa 

func t ion ,  e / (fi aa) . Henceforth we suppress  t h e  x - subsc r ip t s  

i n  Equations (11) and ( 1 2 ) .  

The Laplace-Fourier t ransform of t h e  p o t e n t i a l  i n  t h e  plasma is 

obtained from Equations (11) and (12)  by e l imina t ing  fa(k,v,w) . We 

have 

(1.3.13) 

i n  which w = (qa2noo/~oma)1/2 is t h e  plasma frequency of  spec ies  a , 
Po. 



We s h a l l  need f o r  t he  invers ion  of t h i s  transform the  a n a l y t i c  cont in-  

u a t i o n  of t he  func t ions  defined by the  v e l o c i t y  i n t e g r a l s  of Equation 

(13) i n t o  the  e n t i r e  p lane  of t he  argument 

a n a l y t i c  cont inuat ion t h e  quan t i ty  i n  square bracke ts  i s  the  d i e l e c t r i c  

func t ion  of t he  plasma and i s  denoted by K(k,w) . 

= w/kaa . With t h i s  'a 

The Laplace-Fourier inversion of $(k,w) i s  

I t  was noted above t h a t  an unperturbed plasma descr ibed by Maxwellian 

d i s t r i b u t i o n  func t ions  with no d r i f t  v e l o c i t y  i s  s t a b l e  aga ins t  t he  

growth i n  time of  i n i t i a l  per turba t ions .  This conclusion i s  der ived 

from t h e  fact t h a t  f o r  real k t he re  are no zeros of t h e  d i e l e c t r i c  

func t ion  i n  the  upper h a l f  o plane or on t h e  real w axis.  In t h e  

p r e s e n t  problem, the re fo re ,  a steady s ta te  exists i n  which t h e  temporal 

behavior  of  t h e  plasma is determined by t h e  po le s  of 

o plane.  

p a i r  of g r i d s  i s  of  t he  form 

pe(k,w) i n  t h e  

We assume t h a t  t h e  ex te rna l  charge d e n s i t y  produced by the  

Accordingly t h e  s t eady- s t a t e  p o t e n t i a l  i n  t h e  plasma is  given by 
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The second term i s  the  complex conjugate  of t he  f irst .  

is  a l s o  given by twice t h e  rea l  p a r t  of  t h e  f i r s t  term. 

The p o t e n t i a l  

1.4 Analyt ic  Continuation o f  Functions --- Defined by Veloci ty  I n t e g r a l s  

The a n a l y t i c  cont inua t ion  of  t he  func t ion  of  t h e  complex v a r i a b l e  

5, = w/kaa def ined  by t h e  v e l o c i t y  i n t e g r a l  

J 
-03 

is determined 

Z(5,) , which 

(1.4.1) 

J 
-00 

i n  t he  manner of  Landau.* 

i s  def ined  by t h e  i n t e g r a l  

We cons ider  t he  func t ion  

(1.4.2) 

when w and k are on t h e  p r imi t ive  invers ion  contours ,  L and t h e  

real  axis i n  t h e  k plane,  respec t ive ly .  If k i s  p o s i t i v e  t h e  

i n t e g r a l  de f ines  a func t ion  of  <a which i s  r e g u l a r  and a n a l y t i c  i n  

t h e  upper h a l f  plane,  I f  k is negat ive  the  i n t e g r a l  de f ines  a func- 

t i o n  which i s  r e g u l a r  and a n a l y t i c  i n  t he  lower h a l f  plane.  Two func- 

t i o n s  of  z;, are thus  def ined;  the real  a x i s  of t he  z; p l a n e  i s  a 

branch-cut of t h e  func t ions .  

0 
a 

These matters are c l a r i f i e d  by consider ing a s impler  i n t e g r a l  

a long t h e  real  a x i s  of  t he  s plane between s = -c and s = c , 
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C 

(1.4.3) 

which de f ines  a r egu la r  a n a l y t i c  funct ion of the  complex v a r i a b l e  5 

provided t h a t  5 does not  l i e  on the  pa th  of  i n t eg ra t ion .  The func- 

t i o n  h(C) has logari thmic branch p o i n t s  a t  5 = +c , which must be 

jo ined  by a branch-cut along the  r e a l  axis of t he  5 plane.  See 

F igure  1. By consider ing the  closed contour surrounding the  branch-cut e 
shown i n  t h e  f igu re ,  we conclude t h a t  

(1.4.4) 

J 

where h + ( x )  is t h e  l imi t ing  value of A ( < )  when 5 approaches t h e  

branch-cut from above and A (x) is the  l i m i t i n g  value when 5 ap- 

'proaches t h e  branch-cut from below. 

be  considered t h e  l i m i t ,  as 

f i n i t e  l i m i t s  fc . The presence of the  f a c t o r  e 

- 
The i n t e g r a l  of Equation (2)  may 

I c l  .+ m , of  a corresponding i n t e g r a l  over 
2 

does not affect -S 

t he  cha rac t e r  of the  branch-cut a t  t he  limits of in t eg ra t ion .  

The a n a l y t i c  cont inua t ion  of t h e  func t ions  def ined by Equation (2)  

0 is obtained by deforming t h e  contour of i n t e g r a t i o n  t o  avoid t h e  

s i n g u l a r i t y  a t  

continued, are 

s = 5, . E x p l i c i t l y  t h e  two func t ions ,  a s  a n a l y t i c a l l y  
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The plus function, Z+(Ca) , is the plasma dispersion function treated 
by Fried and Conte. 5 

Corresponding to the plus and minus functions of Equations (5) - 
(7) are the two dielectric functions 

(1.4.8) 

Accordingly Equation (1.3.16) may be rewritten by bisecting the prini- 

tive contour of integration into positive and negative parts and by 

indicating the appropriate dielectric function on each part. 

result is 

The 
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An i n f i n i t e  i n t e g r a l  involving K without s u b s c r i p t s  w i l l  be used 

f r equen t ly  below t o  denote t h e  s i t u a t i o n  descr ibed by Equation (9). 

We can determine t h e  r e l a t i o n  between the  i n t e g r a t i o n  contour  i n  

t h e  k p lane  and t h e  mapping onto t h e  k plane  of t he  branch-cut i n  

t h e  p lane  by consider ing t h e  v e l o c i t y  i n t e g r a l s  i n  t h e  d i e l e c t r i c  

func t ions  t o  have f i n i t e  l i m i t s  of i n t e g r a t i o n ,  

o f  w on t h e  p r i m i t i v e  Laplace invers ion  contour  L v i z .  w = w + 

i w i  
t h e  mapping of the  branch-cut onto t h e  k plane ,  k = (w /a 5 ) + 

i(wi/a C ) 

approach t h e  branch po in t s  approach t h e  o r i g i n  on oppos i te  s i d e s  

of t h e  contour  of  i n t eg ra t ion .  As w approaches w t h e  mapping of 

t h e  branch-cut co inc ides  with the  real axis of t h e  k plane ;  t h e  

5 ,  
For a p a r t i c u l a r  value 

r - 
which we choose f o r  d e f i n i t e n e s s  t o  have a p o s i t i v e  real  p a r t ,  0 

r a a  
is  shown i n  Figure 2.  As t he  limits of  i n t e g r a t i o n  a a  

k- 

0 

o r i e n t a t i o n  of  t h e  contour  of i n t e g r a t i o n  r e l a t i v e  t o  t h e  branch-cut 

is  shown i n  Figure 3 .  
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11. RESPONSE TO L O W  FREQUENCY G R I D  EXCITATION 

I N  LINEARIZED THEORY 

The c h a r a c t e r  of g r i d  exc i t a t ion  considered is  now spec i f i ed  and 

t h e  numerical eva lua t ion  of t h e  Fourier i nve r s ion  i n t e g r a l  of Equation 

(1.4.9) is c a r r i e d  out .  We consider  the  d r iv ing  frequency, wo , t o  

be below t h e  ion  plasma frequency, 

magnitude with i t . *  

frequency range. 

o f t e n  r e f e r r e d  t o  as an ion acous t ic  wave. 3’4 

In one case t h e r e  is a f i n i t e  separa t ion  between the  two idea l i zed  

w , or ,  a t  most, comparable i n  
P i  

Both e lec t ron  and ion motions a r e  exc i ted  i n  t h i s  

The response near t h e  g r i d s  i n  t h e s e  circumstances is 0 
We cons ider  two cases .  

p a r a l l e l  plane g r ids .  

of g r i d s  is  assumed. 

In Sec t ion  1 t h e  fundamental i n t e g r a l s  f o r  t he  two cases  are 

In t h e  o ther  case  t h e  d ipo le  l i m i t  f o r  t h e  p a i r  

f- 5 1 ~  ~ X L S  i-c . .  . .  
I 

k plane.  Sec t ion  2 descr ibes  the t ransformation of v a r i a b l e  of i n t e -  

g r a t i o n  from k t o  5 = wo/kai and t h e  sepa ra t ion  of  the  integrand 

i n t o  two p a r t s ,  one p r i n c i p a l l y  respons ib le  f o r  t he  ion  wave which is 

dominant nea r  t h e  g r i d ,  and t h e  other  f o r  the  e l ec t ron  wave which is  

dominant a t  l a r g e  d i s t ances  from the g r i d .  

contour  of t h e  r e s u l t i n g  ion i n t e g r a l  is deformed onto  t h e  path of 

s t e e p e s t  descents  through an appropr ia te  saddle  po in t ;  except a t  very 

small d i s t ances  from the  g r i d  the  deformation r e s u l t s  i n  a r e s idue  

con t r ibu t ion  which i s  much l a r g e r  than the  i n t e g r a l  along the  path of 

In Sec t ion  3 t h e  i n t e g r a t i o n  

0 

To s impl i fy  t h e  ca l cu la t ion  we l a t e r  make the  assumption t h a t  
Wo/Wpi << 1 , which permits a s impl i f i ca t ion  t h a t  leads t o  n e g l i g i b l e  
errors 4 f o r  wo/wpi 5 . 3  . 

18 
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s t e e p e s t  descents .  

of t h e  present  method over t h a t  o f  G ~ u l d . ~  

choosing a deformed contour for  the e l e c t r o n  i n t e g r a l ,  which is  de- 

s c r i b e d  i n  Sec t ion  5 .  

i n t e g r a l s  and p resen t s  t h e  numerical r e s u l t s .  

Sect ion 4 conta ins  an a n a l y s i s  o f  t h e  advantages 

This provides  guidance i n  

Sect ion 6 desc r ibes  t h e  computation of  t h e  

2 . 1  Fundamental I n t e g r a l s  f o r  Grid Exc i t a t ion :  Dipole L i m i t  and 

F i n i t e  Separat ion Cases 

The s p a t i a l  behavior of t h e  ex te rna l  charge dens i ty  produced by 

t h e  idea l i zed  p a i r  of  g r i d s  is 

which uo 

g r i d  and x is  the  sepa ra t ion  between t h e  g r i d s .  In t h e  d ipo le  l i m i t ,  

x + 0, oox0 = cons tan t ,  it becomes p, (d)(x) = -aoxo(d/dx) S(x) . 
The corresponding Four ie r  transforms a r e  

pe(x) = ao[d(x-xo/2) - d(x+xo/2)] , i n  

is t h e  amplitude o f  the s u r f a c e  charge d e n s i t y  on e i t h e r  

0 

0 

-ikxo/2 - ,ikxo/2) 
p,(k) = uo(e 

A WfLA - e - 1. 

ve rvOAOn A L-ly* 

I t  is convenient t o  express  Equation (1.4.9) as $ (x , t )  = 

0 /2 ]  $(x) + C.C. , i n  which we have [,-iw t 

We are cons ider ing  a two-component plasma, f o r  which 

The only s i n g u l a r i t y  of  t he  integrand of t h e  first i n t e g r a l  i n  



Equation (2) i n  the  upper h a l f  k 

k 2 i [ (upe/ae)2 + (w . / a i )  ] = i k D  . We consider  p o s i t i v e  

va lues  of x . (The i n t e g r a l  is an odd func t ion  of x .) For po in t s  

o u t s i d e  t h e  g r i d s ,  

plane i s  a simple pole  a t  
1/2 2 1/2 

Pl 

x > xo/2 , we deform the  contour of  i n t e g r a t i o n  

of t h e  first i n t e g r a l  i n  Equation (1) i n  the  upper h a l f  plane so t h a t  

it runs from + 03 t o  0 , as shown i n  Figure 4 . *  The r e s idue  c o n t r i -  

bu t ion  from the  pole  a t  k = ikD is much more heav i ly  damped i n  space 

than the  branch-cut i n t e g r a l 4  and i s  t h e r e f o r e  neglected.  

t i o n  t o  va lues  of x 

vanishes  a t  i n f i n i t y  when t h e  folding is c a r r i e d  out  as descr ibed 

here.** We now have 

The r e s t r i c -  

ou t s ide  t h e  g r i d s  a s su res  t h a t  t h e  integrand 
a 

In  t h e  d i p o l e  l i m i t  t h i s  becomes 

(2.1.4) 

There i s  a simple pole  of  t h e  integrand of Equation (1) a t  

This  con t r ibu te s  t o  t h e  p o t e n t i a l  a cons t an t ,  d i f f e r e n t  on e i t h e r  s i d e  

k = 0 . 
0 

In  Figure 4 are shown a l s o  the  zeros  of  K+ . The zero of 
K, i nd ica t ed  by kl is p a r t i c u l a r l y  important i n  t h a t ,  a t  d i s t a n c e s  
n e i t h e r  t o o  c l o s e  t o ,  nor  t o o  far  from, t h e  g r i d ,  t h e  response i s  
c l o s e l y  approximated by an exponent ia l ly  damped wave with t h i s  complex 
wave number. b 

** Determination of  t h e  p o t e n t i a l  f o r  p o i n t s  0 5 x < xo/2 is 
discussed  below. 



I 
'1L 

/ 
0 

Y 

a 
t 
tl 
a - 

Y 

.- 

L L  
0 
K 
3 
0 
I- 
Z 
0 
0 

W n 
-I 
0 
LL 

n 

W 
I d t- 

w 
Z 
-.I 

Z 

- 

- 



22  

of t h e  g r i d ,  which may be neglected.  

(2.2.6)J t h a t  t he  d i f f e rence  (K- - K+) approaches zero exponent ia l ly  

as k approaches zero.  The i n t e g r a l s  $(x) and $,(x) of Equations 

(3) and (4) ,  t he re fo re ,  do not  exh ib i t  a con t r ibu t ion  from t h i s  po le .  

I t  i s  shown below [see Equation 

The i n t e g r a l  f o r  @(x) can be expressed as  the  d i f f e rence  

(2.1.5) 

(2.1.6) 

is  t h e  fundamental i n t e g r a l  f o r  f i n i t e  g r id  sepa ra t ion ,  

For p o i n t s  i n s i d e  the  g r i d  p a i r ,  0 < x < x / 2  , sin(kxo/2) 
0 

must be replaced by i t s  exponential  r ep resen ta t ion  before  t h e  p r i m i t i v e  

contour  i s  folded.  The contour of t h e  fundamental i n t e g r a l  with 

argument 

of  t h e  p r i m i t i v e  contour of t he  fundamental i n t e g r a l  with argument 

(X - x0/2) 

of t h e  real k axis. Introducing t h e  t ransformation k * -k and 

us ing  t h e  i d e n t i t y  

potent ia l  $(x) may be obtained f o r  p o s i t i v e  X i n s i d e  and ou t s ide  

(x + x /2) is folded i n  t h e  usual manner; t he  p o s i t i v e  h a l f  
0 

i s  folded i n  t h e  lower h a l f  plane onto  the  nega t ive  h a l f  

I 

K+(-k,wo) = K - (k,wo) we conclude t h a t  t h e  - + a 
t h e  g r i d  p a i r  by t h e  following extension of Equation (5):  

(2.1.7) 

In t h e  following sec t ions  the  development is c a r r i e d  out  with r e f -  

erence t o  Q1(x). Numerical ca l cu la t ions  of both $ (x) and $,(x) a r e  1 



performed. 

23 

2.2 Transformation of In t eg ra t ion  Variable  and Separat ion I n t o  Two 

I n t e g r a l s  

Except f o r  t h e  inc lus ion  of  f i n i t e  g r i d  separa t ion ,  t h e  formula- 

4 t i o n  follows Gould up t o  t h i s  po in t .  

a comparison of  t he  two methods w i l l  be made below. 

We now diverge  from h i s  method; 

In order  t o  proceed f u r t h e r  we g ive  t o  x a small p o s i t i v e  

imaginary p a r t ,  i .e . ,  This  s t e p  is neces- 

s a r y  t o  the  t ransformation of va r i ab le  of i n t e g r a t i o n  now t o  be  i n t r o -  

duced. When deformed contours of i n t e g r a t i o n  a r e  introduced below, 6 

may be  set  equal  t o  zero. 

x = lxleis , with 6 > 0 . id) 

We in t roduce  t h e  following dimensionless va r i ab le s ,  which are 

appropr i a t e  t o  t h e  e x c i t a t i o n  a t  the  frequencies  which we cons ider :  

- wo ZE- 

The spec ie s  k i n e t i c  

Bolttmann cons tan t .  

(2.2.1) 

2 temperatures a r e  Ta = m a /2K , where K i s  t h e  ora 
We in t roduce  a l s o  the  mass r a t i o ,  p =I me/mi . 

Introducing t h e s e  v a r i a b l e s  and transforming t h e  v a r i a b l e  of  i n t eg ra -  

t i o n  from k t o  5 5 uo/kqi , we obta in  0 

(2.2.2) 

i n  which 
I 
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(2.2.3) 

We observe t h a t  the  i n t e g r a l  cons i s t s  of t h e  sum of two i n t e g r a l s  on 

oppos i te  s i d e s  of  t h e  branch-cut i n  the  t plane.  See Figure 5. 

The reason for  giving x a small p o s i t i v e  imaginary p a r t  is now 

apparent.  5 = 0 . 
The imaginary p a r t  of x causes e iz/' t o  be exponent ia l ly  damped as 

The f a c t o r  e iz'r has an e s s e n t i a l  s i n g u l a r i t y  a t  

0 
I; -+ 0 , t hus  assur ing  the  ex is tence  of t he  i n t e g r a l .  If 5 approaches 

t h e  o r i g i n  coming from the  lower half p lane  as i n  t h e  deformed contours  

t o  be  clioscn, e iz/r  is exponent ia l ly  damped as -+ 0 f o r  r e a l  z , 
and 6 may be set equal t o  zero. 

The func t ions  Z, ( 5 )  have i n t e g r a l  r ep resen ta t ions  5 - 

which are v a l i d  throughout t he  f i n i t e  5 plane.  These r ep resen ta t ions ,  

or Equations (1.4.5) - (1.4.7),  give 

(2.2.5) 

from which t h e r e  follows 

With t h i s  r e l a t i o n  we obta in  
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5 

i n  which we have taken t h e  equal temperature case,  T = 1 , t o  which 

our  a t t e n t i o n  w i l l  be confined. The d i f f e r e n c e  (K- - K+) approaches 

zero exponent ia l ly  as k * 0 ( 5  -+ 00) . 0 
The exponential  a t t enua t ion  o f  e iz/c as * 0 , assured now 

and la ter  by t h e  approach of t h e  deformed contour t o  by 6 > 0 5 = 0 

coming from t h e  lower h a l f  plane,  permits  u s  t o  consider  t h e  case  

f << 1 , t o  which we s h a l l  l i m i t  our a t t e n t i o n .  We denote 2 

(2.2.8) 

and observe t h a t  i n  t h i s  l i m i t  @,/f2 is independent of f 2  . The 

exponent ia l  a t t enua t ion  of e iz/r as + 0 .discussed above takes 

care of t h e  d i f f i c u l t y  caused by the  vanishing of  f2K+(0) . - 2 2 
The f a c t o r s  e -' and e-" p l ace  upper limits on t h e  ranges 

of 151 which con t r ibu te  s u b s t a n t i a l l y  t o  t h e  two i n t e g r a l s ,  namely 
a 

5 0(1) and 151 5 O(~ . I - "~ )  , r e spec t ive ly .  Recal l ing the  d e f i n i -  
-, 

t i o n  of < and the  r e l a t i o n  ai/a, = p 'I2 ( f o r  T = 1)  , we s e e  

t h a t  t h e  first (second) i n t e g r a l  has s u b s t a n t i a l  con t r ibu t ions  from 

va lues  of  the  phase v e l o c i t y  u /k which a r e  not  g r e a t e r  i n  order  o f  
0 
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magnitude than t h e  ion (e lec t ron)  thermal ve loc i ty .  

t h e r e f o r e ,  t o  r e f e r  t o  the  first (second) i n t e g r a l  as t h e  ion  (e lec t ron)  

i n t e g r a l .  

I t  is  appropr ia te ,  

2.3 Path of S teepes t  Descents for  Ion I n t e g r a l  

We now cons ider  a deformed contour i n  t h e  5 plane which co inc ides  

wi th  the  pa th  of s t e e p e s t  descents  passing through an appropr i a t e  

s add le  po in t  of t he  exponent i n  the func t ion  e iz/'-' . This contour  

w i l l  be used f o r  t he  numerical evaluat ion of the  ion i n t e g r a l .  

t o  avoid confusion concerning deformation of  t he  upper contour  of 

2 

In o rde r  
e 

I 

I Figure 5 through t h e  branch-cut, we s h a l l  first deform the  contour  of 
I 

I t h e  t o t a l  i n t e g r a l ,  Equation (2.2.2), onto  t h e  pa th  of  s t e e p e s t  descents  

f o r  t h e  ion i n t e g r a l .  Subsequently we s h a l l  deform t h e  contour  o f  

i n t e g r a t i o n  of t he  e l ec t ron  i n t e g r a l  f u r t h e r  t o  a contour  appropr ia te  

An i n t e g r a l  whose integrand determines t h e  path of s t e e p e s t  des- 

c e n t s  sought is 

(2.3.1) 

Making a t ransformation of the  va r i ab le  of  i n t e g r a t i o n  t o  w = z - 1/3c 
# 

and consider ing i n t e g r a t i o n  over an appropr i a t e  deformed contour 

t h e r e  r e s u l t s  

C , 
6 

(2.3.2) 



i n  which $(w) = 

t h e  condi t ion 

2 
( i / W )  - w . Determination of the  saddle  p o i n t s  by 

(w) = 0 y i e l d s  

(2.3.3) 

The proper saddle  po in t  f o r  t h i s  i n t e g r a l  is  

(3/z2j3) . 
con f orma 1 t r a n s  format ion  

wo ; $(wo) = 

The path of s t eepes t  descents  i s  determined by t h e  

(2.3.4) 

~ 

i n  which t is  real and v a r i e s  bktween - Q) and + Q) . The i n t e g r a l  

I 
I becomes 

in which Q denotes t h e  cont r ibu t ion  t o  I from t h e  r e s idues  of  any 

po le s  swept i n  t h e  5 plane between the  p o s i t i v e  r e a l  ax is  and the  

mapping of the  pa th  of s t e e p e s t  descents  onto the  5 plane. The 

numerical  evaluat ion of  t h e  ion i n t e g r a l  is c a r r i e d  out  over  a range 

of t s u f f i c i e n t  t o  ensure n e g l i g i b l e  e r r o r .  The presence of  t h e  

f a c t o r ,  e-t 
2 

permits  l i m i t a t i o n  of t h e  range of  numerical i n t e g r a t i o n  

t o  -3.1 5 t S 3.1 f o r  t h e  achievement of  s a t i s f a c t o r y  accuracy. The 

invers ion  of t h e  conformal t ransformation,  i .e.,  t h e  determinat ion of 

w ( t )  , is  ef fec ted  by an i t e r a t i v e  technique descr ibed i n  Appendix A. 

The cha rac t e r  of  t h e  path of s t eepes t  descents  i n  t h e  5 plane  

(t: - z1l3w) is shown i n  Figure 6. The saddle  po in t  i s  loca ted  a t  
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. The dep ic t ion  of the contour  a s  a double solid-dashed 1/3w to = z 
0 

l i n e  r e f l e c t s  t h e  fact t h a t  t h e  i n t e g r a l  of Equation (2.2.2) is t h e  

sum of two i n t e g r a l s  on oppos i te  s ides  of t he  branch-cut i n  t h e  

p lane .  

having crossed t h e  branch-cut,  l i e s  on a Riemann shee t  d i f f e r e n t  from 

5 

K+ , The contour of in t eg ra t ion  of t he  i n t e g r a l  containing 

t h a t  on which Z+(C) i s  def ined as an i n t e g r a l  over a r e a l  contour 

of i n t e g r a t i o n ;  Z: ( 5 )  and Zl(p”2c) denote a n a l y t i c a l l y  continued 

func t ions  f o r  contours  ly ing  i n  the lower h a l f  5 plane.  Having 

deformed t h e  contour of  i n t eg ra t ion  so t h a t  it approaches 

from the  lower h a l f  p lane ,  it is poss ib l e  t o  s e t  

5 = 0 corning 
e 

6 = 0 , as discussed 

above. 

The first few zeros of [f2K+(C)] are ind ica t ed  i n  Figure 6 .  The 

t ransformation of v a r i a b l e  of  i n t eg ra t ion  from k t o  6 has cast the  

i n f i n i t e  set  of zeros  ind ica t ed  i n  Figure 4 out  toward l a r g e  . The 

, which approximates c l o s e l y  t h e  exponent ia l  damping 1 r i rs t  zero,  k 

over  a cons iderable  range of  z , now appears c l o s e s t  t o  t h e  o r i g i n ,  

a t  C1 = 1.45 - 0.60i . A s  z increases ,  t h e  pa th  of  s t e e p e s t  des- 

c e n t s  d i p s  f a r t h e r  i n t o  t h e  lower ha l f  5 plane.  A t  z = 3 . 8  , t h e  

contour  sweeps p a s t  and the  cont r ibu t ion  of t h e  r e s idue  from the  

pole  must be included f o r  l a r g e r  values o f  z . That con t r ibu t ion  t o  

~ , / f *  is [e iz’S1/{~l[f2K:(~l)]} ] . A s  z i nc reases ,  t h e  pa th  of  

s t e e p e s t  descents  sweeps f a r t h e r  i n t o  t h e  lower h a l f  

does not  reach t h e  next  po le ,  t2 , i n  t h e  range of z which we 

cons ider  (z 5 60) . 

5 ,  

5 plane ,  bu t  it 
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2.4 Advantages of Present Method 

We now discuss  the  advantages of  t h e  method adopted t o  t h i s  po in t  
2 f o r  t h e  eva lua t ion  of  Ql/f . The cons idera t ions  introduced w i l l  

provide guidance concerning t h e  choice of a contour of i n t e g r a t i o n  

f o r  t h e  e l ec t ron  i n t e g r a l ,  which involves add i t iona l  complexities.  

4 The method of Gould f o r  t h e  eva lua t ion  of  t h e  i n t e g r a l  of  Equa- 

t i o n  (2.1.4) made use of the  r e l a t i o n  

fact t h a t  t h e  r e a l  and imaginary p a r t s  o f  

even and odd funct ions of  t he  ( r ea l )  argument 5 t o  give ( f o r  T = 1 

and f << 1)  

K-(k,wo) = K+(-k,wo) and t h e  

a r e ,  r e spec t ive ly ,  Z i t s )  - 0 
2 

i n  which rl E kai/wo . This i n t e g r a l  was evaluated numerically on 

t h e  p o s i t i v e  real rl axis. 

The appearance of a sepa ra t e  r e s idue  con t r ibu t ion  which g ives  t h e  

dominant behavior of the  response over a cons iderable  range of z is 

one advantage of t h e  present  method over  t h a t  j u s t  descr ibed.  

advantage is t h a t  t h e  use o f  the  path of  s t e e p e s t  descents  f o r  t he  ion 

A second 

i n t e g r a l  involves a small 

t h e  range of  t he  contour required i n  the  nurnerical i n t eg ra t ion .  By 

c o n t r a s t ,  t h e  cu t -of f  of the  numerical i n t e g r a t i o n  o f  Equation (1) f o r  

l a r g e  II is determined by the  c o e f f i c i e n t  of  e , which decreases  

[ 0 ( 2 ~ ) ]  phase change of t he  integrand over 

0 

slowly with inc reas ing  q . The securing o f  t h i s  advantage f o r  t h e  

present  method depends on choosing a deformed contour f o r  t h e  e l ec t ron  

i n t e g r a l  which involves  a small phase change o f  t h e  integrand over 



t h e  range of the  numerical i n t eg ra t ion .  Such a contour is  descr ibed 

below. A t h i r d  advantage of the  present  method is t h e  sepa ra t ion  i n t o  

two i n t e g r a l s  with d i s t i n c t  ranges of  v a r i a b l e  of i n t e g r a t i o n s ,  

IC1 % 0(1)  and 151 Q O(V-~'*) , which are respons ib le ,  r e spec t ive ly ,  

f o r  t h e  ion and e l ec t ron  waves.* The in tegrands  of the  ion and e lec-  

t r o n  i n t e g r a l s  d i f f e r  only i n  t h e  presence of the  f a c t o r s  

p1/2e-'5 , r e spec t ive ly .  In  t h e  range 151 O(1) , t h e  in tegrand  o f  

2 
e -' and 

2 

t h e  e l ec t ron  i n t e g r a l  is  neg l ig ib l e  compared t o  t h a t  of t h e  ion 

i n t e g r a l .  
* 

2.5 Deformed Contour f o r  Electron I n t e g r a l  

The pa th  of s t e e p e s t  descents passing through t h e  appropr i a t e  

saddle  po in t  of t h e  exponent in  eiz/c-'52 is obta inable  by the  method 

descr ibed  i n  connection with t h e  ion i n t e g r a l ,  with t h e  replacements 
1 / 9  113 

z * y Z P*'-z , 5 + 5 E u " ' ~  . The form of i n t e g r a l  considered now 

is 

which may be w r i t t e n  as 

(2.5.1) 

(2.5.2) 

See Figure 8. The e lec t ron  i n t e g r a l  makes no s u b s t a n t i a l  
con t r ibu t ion  t o  the  response for values of  z l e s s  than about 20. 
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In  accordance with our  e a r l i e r  procedure we d e f i n e  w = y -l l35 . The 

i n t e g r a l  i s  transformed i n t o  

(2.5.3) 

where +(w)  , wo , and $(wo) a r e  as before .  The conformal t r a n s f o r -  

mation f o r  t h e  pa th  of s t e e p e s t  descents is of t h e  form of Equation 

(2 .3 .4 ) ,  with z -P y . The path of s t e e p e s t  descents  i n  t h e  5 plane  

is given by < = p -5 = p - 1 / * p W ( t ) ]  = p -1/321/3w(t) ; - - a 

The pa th  o f  s t e e p e s t  descents sweeps much f a r t h e r  i n t o  the  lower 

ha l f  5 p lane  than t h e  pa th  o f  s t eepes t  descen t s  f o r  t h e  ion  i n t e g r a l .  

The d i s t ance  of t h e  saddle  po in t  f o r  given z from t h e  o r i g i n  i s  

g r e a t e r  than i n  the  case of the  ion i n t e g r a l  by a f a c t o r  of  p - 1/3 

.3 I ?  - 
We perform c a l c u l a t i o n s  f o r  cesium; i n  t h a t  case li 62.4 . An 

unacceptably l a r g e  number o f  res idue  c o n t r i b u t i o n s  from t h e  zeros  of  

[ f 2 K + ( r ; ) ]  must be  included i n  a deformation t o  t h i s  contour from the  

pa th  o f  s t e e p e s t  descents  for the  ion  i n t e g r a l  first adopted f o r  both 

i n t e g r a l s .  That po r t ion  of the  path o f  s t e e p e s t  descents  now being 

considered corresponding t o  0 S t < + Q) may be used. The phase change 

of t h e  integrand of t he  e l e c t r o n  i n t e g r a l  a long it is  % O(2.rr) . 
Furthermore t h e r e  are no zeros of between it and t h e  

p o s i t i v e  r e a l  axis. 

2 

e 
[f K+(<)] 

7 

The completion o f . t h e  contour f o r  t h e  e l e c t r o n  i n t e g r a l  

s t r a i g h t  l i n e  segment between the  o r i g i n  and So(=p -1/3z1/3w 

by a 

0 

r e q u i r e s  t h e  inc lus ion  of t h e  res idue  c o n t r i b u t i o n  o f  5 alone.  See 1 
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Figure 7. 

t h e  preceding sec t ion  t h a t  t h e  phase change of t h e  integrand is  accept-  

ab ly  small. The argument of < on t h i s  contour ,  -n/6 , gives sub- 

s t a n t i a l  exponent ia l  damping a s  + 0 . We have i z / <  = 

( z / l t l ) ( - 0 . 5  + .866 i) . As t moves along t h e  s t r a i g h t  l i n e  po r t ion  

of t h e  contour from a region where toward t h e  o r i g i n ,  t h e  

phase of e iz’c changes. 

t h e  real p a r t  of the  argument 

with t h e  r e s u l t  t h a t  t he  phase of e iz/< 

Furthermore it well s a t i s f i e s  t h e  c r i t e r i o n  a r t i c u l a t e d  i n  

z / l < l  << 1 

There is, however, an assoc ia ted  change i n  

i z / c  toward l a r g e r  nega t ive  va lues ,  

changes by no more than an 

amount of order  2n before  t h e  integrand becomes n e g l i g i b l y  small .  

As noted above, t he  fact  t h a t  t h e  ion and e l ec t ron  i n t e g r a l s  
2 2 

d i f f e r  only i n  the  f a c t o r s  e -‘ and p1’2e-’c , r e spec t ive ly ,  makes 

it poss ib l e ,  independent of z , t o  begin t h e  numerical i n t e g r a t i o n  

of t h e  e l ec t ron  i n t e g r a l  a t  a value of  t s u f f i c i e n t l y  l a r g e  i n  

abso lu te  va lue  

f u r t h e r  reduced. 

func t ions  Z;(t) may be approximated by t h e i r  asymptotic expansions 

i n  t h e  e l ec t ron  i n t e g r a l .  

(I<] = 2.5) t h a t  the  phase change of the  i n t e g r a l  is  

An add i t iona l  consequence of t h i s  is  t h a t  t h e  

2.6 Numerical Resul ts  

The fundamental i n t e g r a l s  f o r  t he  d ipo le  l i m i t  and for  t h e  f i n i t e  a 
g r i d  separa t ion  case were numerically in t eg ra t ed  on the  TRW Systems 

On-Line Computer. The case  of a cesium plasma, for which 

V = 4.12775 10- , was t r e a t e d  with T = 1 and f << 1 . A l l  

8 

6 2 
- 

numerical inputs  were taken rounded t o  s i x  f i g u r e s .  A high accuracy 

i n t e g r a t i o n  r o u t i n e  was used. I t  i s  est imated t h a t  t he  r e s u l t s  are 
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2 accu ra t e  t o  t h r e e  or poss ib ly  four  p laces .  Calcu la t ions  of Ql/f 

agree  with t h e  r e s u l t s  of G ~ u l d . ~  See Figure 8. For the  f i n i t e  g r i d  

sepa ra t ion  case ,  with t h e  r e l a t i o n s  Q = - €04/aoXo and Q2 = 

- E 9 /(J x , we have 0 2  0 0  

(2.6.1) 

i n  which zo = o x /2ai , and 
0 0  

This quan t i ty  was l ikewise  ca lcu la ted .  See Table 1. For z = 4 , 
0 

arg(@/fZ) and l ln(I#l / f2)  are shown i n  Figure 8 f o r  po in t s  ou t s ide  

t h e  g r i d s .  

The ion  wave po r t ion  of t h e  response, nea re r  t h e  g r i d ,  is exc i t ed  a t  a 

This is typical of t he  r e s u l t s  for o t h e r  va lues  of  zo . 

lower amplitude as z 

but ion  of t h e  branch-cut i n t e g r a l  r e l a t i v e  t o  t h e  r e s idue  con t r ibu t ion .  

The e l ec t ron  wave a t  l a r g e  d is tances  i s  unaffected.  The cha rac t e r  of 

t h e  response i n  t h e  i n t e r f e r e n c e  region, a t  in te rmedia te  d i s t ance ,  i s  

a f f ec t ed .  

might have been expected, s i n c e  the f a c t o r  

reduces t h e  con t r ibu t ion  from l a rge  va lues  of  Ikl ( 2/x0) . The 

dominance of the  r e s idue  cont r ibu t ion  f o r  a range of 

i nc reases ;  t h e r e  i s  an inc rease  i n  t h e  c o n t r i -  
0 

The s e l e c t i v e  modification of  the  response near  t he  g r i d  

[sin(kxo/2)/(kxo/2)] 
0 

z is  r e spons ib l e  

for t h e  roughly p a r a l l e l  s h i f t  of l ln ( l@l / f  2 ) r e l a t i v e  t o  h ( l @ , ] / f * ) .  

The numerical r e s u l t s  obtained f o r  t he  case of  f i n i t e  s epa ra t ion  

between t h e  g r i d s  demonstrate t h a t  t h e  na tu re  of t h e  response i s  

determined pr imar i ly  by t h e  c h a r a c t e r i s t i c s  of t h e  plasma, as 



embodied in the dielectric function, rather than by spatial character- 

istics of the excitation. 
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Table 1. Fundamental In tegra l  for F i n i t e  Separat ion 

z 
7 

1.0 

1.5 

2.0 

2.5 
3.0 

3.5 

4.0 

4.5 

5.0 

5.5 

6.0 

6.5 

7.0 

7.5 

R d Q 2  (2) /f2) 

.378739 X 10-1 

.276329 

.177838 

.go4137 x 

.187046 

- .349902 

-.689171 

-. 879190 

-. 924791 

- .857435 
- .711236 

- .519392 

-. 311467 

-. 111600 

-.293679 x 

.914867 

.149934 X 10-1 

.167672 

,157897 

.130614 

.949861 x 10” 

.555833 

.180037 

-. 143071 

-. 392967 

-. 561306 

- .649649 

- .666919 
8 - 0  67431 8 x 10 - 0 

8.5 .199364 x 10” -. 545461 

9.0 - .293986 - ,439280 

9.5 .346247 - .323451 

10.0 .360102 -. 210754 

10.5 .342246 -. 110919 

11.0 .300894 -.303954 X 

11.5 .244682 .275234 

12.0 .181785 .623190 

12.5 .119264 .756945 

13.0 .626576 X .709402 

13.5 .158075 .522945 

14.0 -. 191301 .243558 

14.5 - .415192 -.841016 x 

15.0 -. 519780 -.420444 x 

-3 

16.5 -. 520570 -. 733430 

16.0 -. 439015 - .999831 
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2 

16.5 

17.0 

17.5 

18.0 

18.5 

19.0 

19.5 
20.0 

20.5 

21.0 

21.5 

22.0 

22.5 

23.0 

23.5 

24.0 

24.5 

-. 299339 

- 125786 

.595241 x 

,238124 x 

.396043 

.524086 

.617623 

.676016 

.701825 

.699891 

.676419 

.638143 

.591613 

.542667 

.498068 

.455323 

.422649 

-.120544 X 

-. 137140 

- 141798 

-. 143292 

-. 139968 

-. 133072 

-. 123898 

-. 113661 

-. 103410 

-.939721 X 

- ,859238 

-. 795977 

-. 751052 

-. 723742 

-. 711962 

- .712739 

-, 722667 
~ 

25.0 

25.5 

26.0 

26.5 

27.0 

27.5 

28.0 

28.5 

29.0 

29.5 

30.0 

30.5 

31.0 

31.5 

32.0 

32.5 

.399061 

.384546 

.378294 

.378943 

.384822 

.394173 

.40532 1 

.4  16809 

.427479 

.436510 

.443414 

.448011 

.450372 

.450758 

.449557 

.4472 14 

-. 738307 

- .756492 

- .774547 

-. 790421 

- .802726 

-. 810714 

-. 814203 

-. 813463 

- ,809095 

-. 801901 

- .792766 

-. 782561 
-. 772064 

-. 761915 

-. 752582 

-. 744362 
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33 .0  

33 .5  

34.0 

34.5 

35.0 

35.5 

36.0 

36.5 

37.0 

37.5 

38 .0  

38.5 

39.0 

39.5 
40 .0  

40.5 

41 .0  

41.5 

42.0 

42 .5  

43 .0  

43 .5  

44.0 

44.5 

45 .0  

45 .5  

46 .0  

46.5 

47 .0  

47.5 

48.0 

48.5 

49 .0  

.444186 

.440890 

.437678 

,434819 

.432491 

.430783 

.429710 

.429225 

.429235 

.429625 

.430265 

.431032 

.431816 

.432 527 

.433102 

.433499 

.433703 

.433717 

.433561 

.433264 

.432861 

.432389 

.431883 

.431373 

.430884 

.430432 

.430027 

.429674 

.429371 

,429114 

.428895 

.428703 

.428531 

-. 737388 

-. 731653 

-. 727042 

- .723367 

-. 720397 

-. 717893 

- .715625 

- 713398 

-. 711055 

-. 708490 

-. 705641 

-. 702491 

- .699054 

- .695374 

-. 691510 

- .687527 

- .683495 

- .679474 

- .675514 

- .671656 

- .667925 

- .664333 

-. 660882 

-. 657565 

-. 654366 

-. 651269 

- .648253 

- -645300 

-. 642391 

- .639512 

- 636652 

- .633804 

-. 630963 
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2 - 
49.5 

50.0 

50.5 
51.0 

51.5 

52.0 

52.5 
53.0 

53.5 

54.0 

, 54.5 
55.0 

55.5 

56.0 

56.5 

57.0 

57.5 

58.0 

58.5 

59.0 

59.5 

60.0 

60.5 

61.0 

61.5 

.428369 

.428209 
,428046 

.427876 

.427696 

.427505 

.427505 - .427079 

.426864 

.426649 

.426434 

.426219 

.426004 

,425789 
.425575 

.425360 

.425146 

,424931 

,424717 

.424503 

.424288 

.424074 

.423860 

.423646 

.423432 

- .628 127 
' -  .625299 

-. 622480 
- .619674 
- .616886 
- .614118 
- .611375 
- .608635 
- .605964 
-. 603319 
-, 600698 

-. 598102 
-. 595529 
- .592980 
- ,590454 
-. 587950 
-. 585468 
-. 583008 
-. 580569 
-. 578152 
-. 575755 
- .573378 

* 

-. 571022 
- .568685 
-. 566367 
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NUMERICAL RESULTS IN LINEAR THEORY. 



111. FORhlULATION OF RESPONSE: NONLINEAR THEORY 

We consider now the weakly nonlinear steady-state response to 

grid excitation, That is, we examine the case in which the amplitude 

of excitation is such that the perturbations of the species distribu- 

tion functions, while still small compared with the unperturbed dis- 

tribution functions, introduce nonlinearity into the Vlasov equation 

through the term involving the product of the electric field and the 

velocity gradient of the distribution function. 
e 

In Section 1 a perturbation series expansion of the potential 

and of the species distribution functions in the (nonlinear) Vlasov 

equation yields a hierarchy of equations associated with a smallness 

parameter proportional to the amplitude of grid excitation. In each 

order the equations are linear in the perturbation quantities of that 

order. 

In the equations of each order above the first there are driving 

terms composed of quadratic combinations of quantities of lower order. 

In the first order the linearized Vlasov equation is obtained. 

In the second order the steady-state response consists of zero frequen- 

cy and double frequency components. In Section 2 the second order 
2 equations are Laplace-Fourier transformed in the manner of Landau. 

The transform of the perturbation potential in second order is 

formally inverted; the inversion leads to a double integral over 

Fourier transform variables which is further complicated by the 

presence of branch-points in the plane of one Fourier transform vari- 

able whose position depends on the value of the other Fourier transform 

variable. The determination of the double frequency component of the 

43 
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lowest order  nonl inear  response t h u s  appears unfeas ib le  without some 

s i m p l i f i c a t i o n .  

I t  is e f fec t ed  by approximating the s t e a d y - s t a t e  p o t e n t i a l  i n  t he  l i n e a r  

theory ,  which appears quadra t i ca l ly  i n  t h e  d r iv ing  tern i n  second 

o rde r ,  by t h e  r e s idue  con t r ibu t ion  which is  dominant f o r  va lues  o f  t h e  

s p a t i a l  v a r i a b l e  n e i t h e r  t oo  c lose  t o ,  nor  t o o  far from, t h e  g r i d .  

The spec ie s  d i s t r i b u t i o n  func t ions  i n  the  l i n e a r  theory a r e  found i n  

The des i r ed  s impl i f i ca t ion  is  descr ibed i n  Sect ion 3 .  

0 t h i s  approximation. By ca l cu la t ing  t h e  spec ies  number dens i ty ,  

n,(x,t), and then "s t r ipp ing  off"  the  v e l o c i t y  i n t e g r a t i o n ,  t h e  defor-  

mation of contour of a subsequent v e l o c i t y  i n t e g r a t i o n  around the  pole  

a r i s i n g  from t h e  spec ies  d i s t r i b u t i o n  funct ion i s  determined i n  advance. 

In  Sec t ion  4 func t ions  of two complex v a r i a b l e s  def ined by v e l o c i t y  

i n t e g r a l s  i n  t h e  lowest order  nonl inear  response are expressed i n  terms 

of plasma d i spe r s ion  funct ions.  

component of t h e  nonl inear  response. 

frequency component of t h e  nonl inear  response is a p o l a r i z a t i o n  of t h e  

plasma unaccompanied by any zero frequency spec ie s  cu r ren t  d e n s i t i e s .  

These r e s u l t s  a r e  obtained independent of  t he  pe r tu rba t ion  expansion. 

The zero frequency component of  the  lowest order  nonl inear  response i n  

t h e  dominant po le  approximation i s  obtained by r e s idues .  

Sect ion 5 d e a l s  with the  zero  frequency 

I t  is shown t h a t  t he  zero 

a 
3.1 Per turba t ion  Expansion o f  Vlasov Equation 

Examination of t h e  (nonlinear) Vlasov equation suggests  t h a t  

s t eady- s t a t e  response t o  time-harmonic g r i d  e x c i t a t i o n  a t  frequency 

involves  frequency components 

i t y  involves  s u b s t a n t i a l  cont r ibu t ions  from a l a r g e  number of harmonics 

wo 

w = 0 , wo, 2w0, .... Strong nonl inear -  
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and a coupled system which is probably d i f f i c u l t ,  i f  not  impossible,  t o  

t r e a t .  Accordingly, a so lu t ion  i s  sought by consider ing a pe r tu rba t ion  

expansion i n  powers of a smallness parameter propor t iona l  t o  the  ampli- 

t u d e  of t h e  g r i d  exc i t a t ion .*  

The conclusion reached e a r l i e r  t h a t  t he  problem i s  one-dimensional 

is n o t  changed i f  t h e  Vlasov equation is nonl inear .  Therefore ,  we 

begin with t h e  one-dimensional Vlasov equat ion f o r  e x c i t a t i o n  by a 

a d i p o l e  g r i d  

(3.1.1) 

In  t h e  absence of e x c i t a t i o n ,  we have Fa(x,v, t )  = fm(v)  . 
Table 2 def ines  an appropr ia te  s e t  of dimensional v a r i a b l e s ,  which 

n 

are denoted by F and so  on. The dimensionless  Vlasov equat ion is  a' 

(3.1.3.) 

(3.1.4.) 

* This i s  equiva len t  t o  t h e  procedure used by Montgomery and 
Gorman9 t o  s tudy  nonl inear  Landau damping i n  time. 



in which 

(3.1.5) 

is an appropriate smallness parameter for the expansion of potential 

and species distribution functions in perturbation series. 

sions are 

The expan- 

By substituting these expansions into Equations (3) and (4), and 

equation to zero separately the coefficient of An for n =  

1,2,3, ..., there results a set of pairs of equations. For n = 1, 

the linearized Vlasov equation is recovered. For n = 2,3, ..., the 

equations resulting from the Poisson equation are 

c, 
-00 

Introducing the notation 

(3.1.8) 

(3.1.9) 

the equations obtained from Equation (3) fo r  n = 2 and 3, respectively, 

are 

(n= 2) (3.1.10) 
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Table 2, Dimensionless Variables 

Fa 

t 

V 

X 

s, 

@ 

*oCL 

W 
pcr 

foa 

A -1 
i Fa = a  

A -1 = U '  t 
0 

A 

= a  v i 
A 

= (ai/u6) x 

A 

- e %  ( e > O )  

A 

= w  w Q P  
A -1 

i foa = a  



(3.1.11) 

and so on f o r  l a r g e r  values  of n . 
provides  a b a s i s  f o r  determining the  nonl inear  s t eady- s t a t e  response 

of t h e  Vlasov equation t o  g r i d  exc i t a t ion  for " s u f f i c i e n t l y  small" 

va lues  of  X . We cons ider  only the  lowest order  nonl inear  equat ions,  

n = 2 . 
The nonl inear  equations of lowest order  i n  terms of dimensional v a r i -  

a b l e s  are 

This set  of  p a i r s  of equat ions 

e The d i f f i c u l t y  of t r e a t i n g  t h e s e  equat ions is  considerable .  

0 '  

(3.1.12) 

(3.1.13) 

i n  which E = - &$/ax . 
func t ions ,  c o r r e c t  through second order ,  are 

The p o t e n t i a l  and t h e  spec ie s  d i s t r i b u t i o n  

(3.1.15) 

The p o t e n t i a l  and species d i s t r i b u t i o n  func t ions  which s a t i s f y  t h e  

l i nea r i zed  Vlasov equation a r e  O(x,t)  and fa (x ,v , t )  . The lowest 

order  nonl inear  con t r ibu t ions  t o  the p o t e n t i a l  and the  spec ie s  d i s t r i -  

but ion func t ions  a r e  &(x , t )  and Gfa(x,v,t) . 



3.2 General Formulation of Lowest Order Nonlinear Response 

Equations (3.1.12) and (3.1.13) are Laplace-Fourier transformed 

i n  t h e  manner of Landau. In  p a r t i c u l a r ,  we r e c a l l  the  requirement 

t h a t  w 

a s s u r e  t h e  ex i s t ence  of the  Laplace transforms. 

be given a s u f f i c i e n t l y  l a r g e  p o s i t i v e  imaginary p a r t  t o  

With t h e  opera tor  

n o t a t  ion 

(3.2.1) 
J 

--Do 

t h e r e  r e s u l t s  

(3.2.3) 

u'- 00 
The Laplace-Fourier transform of thc  lowest order  nonl inear  per turba-  

t i o n  t o  t h e  p o t e n t i a l  i s  

The procedure f o r  determining t h e  s t eady- s t a t e  behavior of  

Q ( x , t >  without  f u r t h e r  approximations i s  now developed formally.  

The d i f f i c u l t y  of eva lua t ing  the  formal r e s u l t  w i l l  be abundantly 

apparent.  The p o t e n t i a l  and the  per turba t ions  t o  the  spec ie s  d i s t r i -  

but ion func t ions  i n  the  l i nea r i zed  theory a r e  given in  terms of  t h e i r  

Laplace-Fourier r ep resen ta t ions  
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(3.2.5) 

J c J 
-m 

and 

We are guided by t h e  work of  Landau t o  perform t h e  v e l o c i t y  i n t e g r a t i o n  

f irst .  Hence, we de f ine  

(3.2.7) 

3 -GQ 

which is  given more e x p l i c i t l y  by 

2 )  

L! L" 

The v e l o c i t y  i n t e g r a l  must be a n a l y t i c a l l y  continued throughout t h e  

complex planes of i t s  two arguments. We denote  the  r e s u l t i n g  func t ions  

of t h e  complex v a r i a b l e s  w/k and w"/k" by Ia(w,k; u",k") . We 

now perform t h e  ind ica t ed  Laplace invers ions  t o  obta in  t h e  s t eady- s t a t e  

behavior  of Ga(x ' , t ' ;  ) . I f  0 
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(3.2.9) 

is the transform whose Laplace-Fourier inversion gives the steady-state 

behavior of 4(x,t) [see Equation (1.3.1611, the steady-state behavior 

of Ga is 

The Laplace-Fourier transform of this 
0000 

quantity is 

(3.2.10) 
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The contour of integration C 

ana ly t i c  continuation of functions defined by v e l o c i t y  in tegra l s .  

Using the re la t ion  

is deformed a s  necessary f o r  the 

(3.2.12)  

J --Do 

the  integration w i t h  respect  t o  k" , we have 

(w -wo 

I- 

(3 .2.13)  



I t  is not  necessary t o  proceed f u r t h e r  t o  apprec i a t e  t he  d i f f i -  

c u l t y  of determining the  s t eady- s t a t e  behavior of 6$ (x , t )  by t h e  

Laplace-Fourier invers ion  of the  a n a l y t i c  cont inua t ion  of Equation (4) 

with t h e  s u b s t i t u t i o n  of Equation (13). First ,  t h e r e  is a double 

i n t e g r a t i o n  over Fourier  transform va r i ab le s .  Second, t h e  integrand 

con ta ins  func t ions  of t h e  arguments k' and (k - k') which are 

d i f f e r e n t  func t ions  depending upon the  s i g n  of each argument on t h e  

0 p r i m i t i v e  invers ion  contours  of  the  t ransform v a r i a b l e s .  The loca t ion  

of one of t h e s e  t r a n s i t i o n  po in t s  ( p a i r s  of branch-points) i n  the  plane 

of one transform v a r i a b l e  depends upon the  va lue  of t he  o t h e r  transform 

va r i ab le .  

avoid t h i s  impasse. 

- 
We now desc r ibe  an approximate method which permits  us  t o  

3.3  Dominant Pole Approximation 

The s t eady- s t a t e  behavior of 6+(x , t )  may be  determined by a 

program whose c e n t r a l  no t ion  is  the approximation of t he  s t eady- s t a t e  

p o t e n t i a l  i n  t he  l i n e a r i z e d  theory,  4 ( x , t )  , by t he  r e s idue  cont r ibu-  

t i o n  of t h e  pole  a t  5 = . The s t e a d y - s t a t e  behavior  of f,(x,v,t) 

corresponding t o  t h i s  p o t e n t i a l  is  then determined. 

v e l o c i t y  i n t e g r a l  i s  t o  be performed i n  ob ta in ing  

i n  accordance with the  approach of Landau,2 s i n g u l a r i t i e s  i n  func t ions  

def ined by v e l o c i t y  i n t e g r a l s  a r e  t o  be avoided by deformation o f  t he  

contour  of i n t e g r a t i o n .  

v e l o c i t y  denominator i n  f a (x ,v , t )  be s c r u t i n i z e d  concerning the  

o r i e n t a t i o n  of a subsequent ve loc i ty  i n t e g r a t i o n  contour r e l a t i v e  t o  

the  s i n g u l a r i t y  i n  t h e  complex ve loc i ty  plane which i t  produces. 

We r e c a l l  t h a t  a 

and t h a t ,  6 $ ( k , w )  0 

This imposes the  requirement t h a t  each 

This 
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e 

' i s  achieved convenient ly  by determining t h e  per turbed spec ie s  number 

d e n s i t i e s ,  which a re  v e l o c i t y  i n t e g r a l s  of t h e  spec ie s  d i s t r i b u t i o n  

func t ions ,  and by " s t r ipp ing  of f"  t h e  v e l o c i t y  i n t e g r a t i o n .  The w 
ax av Laplace-Fourier t ransform of (- - -) is obtained i n  c losed  form. 

Then t h e  o t h e r  opera t ions  involved i n  determining the  s t eady- s t a t e  

behavior  of &(x , t )  are performed. A s i n g l e  Fourier  invers ion  i n t e -  

g r a l  is obtained which i s  of t h e  same general  cha rac t e r  as t h a t  

ob ta ined  i n  the  l i n e a r i z e d  theory,  

The dominant po le  approximation f o r  t h e  e l e c t r i c  f i e l d  i n  t h e  

l i n e a r i z e d  theory  i s  

i n  which 

(3.3.2) 

This  i s  obtained from the  s t eady- s t a t e  p o t e n t i a l  Ql(x, t )  = (e'iwot/2) 

X (- (I x /E ) Q1 + C . C .  

t h e  r e s i d u e  con t r ibu t ion  obtained when t h e  i n t e g r a t i o n  contour  is 

deformed t o  t h e  pa th  of s t e e p e s t  descents  f o r  the  ion i n t e g r a l .  

by approximating O1 of Equation (2.2.2) by 
0 0  0 

As was s t a t e d  i n  the  summary desc r ip t ion  of the  dominant po le  

approximation above, t h e  s t eady- s t a t e  behavior  of t h e  spec ie s  per turba-  

t i o n  number d e n s i t i e s  w i l l  now be  obtained. 

r e s p c c t  t o  v e l o c i t y  w i l l  then be "s t r ipped off" ,  n o t e  being taken of 

t h e  contour  of  i n t e g r a t i o n  *in a n t i c i p a t i o n  of  t h e  subsequent v e l o c i t y  

The i n t e g r a t i o n  with 
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i n t e g r a t i o n  t o  be performed. The e x p l i c i t  form of Equation (3.2.9) i s  

Introducing t h i s  expression i n t o  

(3.3.4) 

which is obtained from Equation [1.3.11), i n t e g r a t i n g  with r e spec t  t o  

v , a n a l y t i c a l l y  continuing the  ve loc i ty  i n t e g r a l ,  and performing t h e  

Laplace invers ion ,  t h e r e  results 

n,O(;t) = 

The second term is the  complex conjugate of  t he  first,  as can be seen 

with t h e  a i d  of t h e  i d e n t i t y  

5 and t h e  d i f f e r e n t i a l  equation 

(3.3.6) 

(3.3.7) 
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2 For x > 0 and f << 1 , therefore ,  the  dominant po le  approximation 

is 

where p 'I2 = 1 f o r  a = i and v 'I2 f o r  a = e . Treatment of 

t h e  case  x < 0 

a 

r equ i r e s  use of  t he  i d e n t i t y  

(3.3.9) 

i n  r e l a t i n g  K+ and K - ; t h i s  i d e n t i t y  i s  most e a s i l y  e s t ab l i shed  

from Equations (1.4.5) - (1.4.7). Put t ing  x = - X (X > 0) , with 

t h e  t ransformation k = - K , t h e r e  r e s u l t s  

In  t h e  s i n g l e  pole  approximation, t he re fo re ,  f o r  x < 0 and f2 << 1 , 

Combining Equations (8) and ( l l ) ,  and making use of  Equations (6) and 

(7),  we have t h e  dominant pole  approximation f o r  t he  pe r tu rba t ion  t o  

the  spec ie s  number dens i ty  i n  the  l i nea r i zed  theory,  
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i n  which e(x) is  t h e  uni t  s t e p  funct ion and 

(3.3.12) 

(3.3.13) 

The dominant p o l e  approximation f o r  f ( x , v , t )  is t h e r e f o r e  a 

C,(x,v,t) = 

The + and - s u b s c r i p t s  on t h e  v e l o c i t y  denominators g i v e  the  

proper  o r i e n t a t i o n  of a subsequent v e l o c i t y  i n t e g r a t i o n  r e l a t i v e  t o  
a 

t h e  a s soc ia t ed  s i n g u l a r i t y .  In a l l  cases  t h e  contour  ind ica t ed  is one 

which dev ia t e s  from t h e  real  a x i s  t o  surround the  s i n g u l a r i t y .  

The equat ions f o r  6+(x , t )  and Gf,(x,v,t) form a set  of  l i n e a r  

p a r t i a l  d i f f e r e n t i a l  equat ions dr iven by t h e  r e a l  q u a n t i t i e s  

(- &$/ax)(afa/av) which are of the form 



Here Sa(-)(x,v) = [Sa(+)(x,v)]* and Sa(o)(x,v) i s  real. The 

non l inea r  p o t e n t i a l  &$(x,t) i s  r e l a t e d  t o  (- &$/3x)(3fa/3v) by 

t h e  Laplace-Fourier invers ion  of Equation (3.2.4).  

t ransform-inversion procedure involved i n  obta in ing  t h e  s t eady  s t a t e  

r e s u l t  i s  t r i v i a l .  The opera tor  T induces 

The Laplace 

Considering the  s t eady  s t a t e ,  the  Laplace invers ion  r eve r ses  the  

ind ica t ed  t ransformation and produces the  s u b s t i t u t i o n  w -* +2w . 
Hence, t h e  f i n a l  r e s u l t  i s  o f  t he  form 

0 

(3.3.17) 

i n  which t h e  first term is t h e  r e s u l t  of in t roducing  i n  Equation 

(3.2.4) t h e  p a r t i a l  e x c i t a t i o n  given by 

(3.3.18) 

In o rde r  t o  ob ta in  t h e  double frequency response,  t h e r e f o r e ,  it i s  

s u f f i c i e n t  t o  cons ider  t h i s  p a r t i a l  e x c i t a t i o n .  
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3.4 Relation of Velocity Integrals -- to Plasma Dispersion Functions 

The functions defined by the analytic continuation of 

I (w,k; w",k") 

For clarity, we repeat the definition 

may be expressed in terms of the functions Z,(C) . a 

c 

J J --oo 

which in turn may be expressed as 

(3.4.1) 

(3.4.2) 

(3.4.3) 

J-00 

Effecting a separation into partial fractions, we have 

The 2'  functions are Z'+ or Z' - , depending upon the sign of k 



o r  kfg  on i t s  p r imi t ive  Fourier  invers ion  contour. Having a s soc ia t ed  

wi th  each ve loc i ty  denominator i n  t he  dominant po le  approximation a 

p l u s  o r  minus s u b s c r i p t ,  we have determined which of the  two func t ions  

Z'+(C I() is t o  be chosen i n  each case.  (The arguments Go1' are 

cons tan t s  i n  t h e  ana lys i s  based upon t h e  dominant po le  approximation.) 

- a  

For convenience, we de f ine  

The subsc r ip t  s(s") is p lus  o r  minus according 

(3.4.6) 

t o  whether t he  Z 

func t ion  of argument <,(Fat') i s  a p lus  o r  a minus funct ion.  Some- 

times the  first subsc r ip t  w i l l  be omitted when 

i n t e g r a l  with r e spec t  t o  k , j u s t  as K is sometimes used t o  denote 

I(, , whichever is appropr ia te .  

t o  i n d i c a t e  omitted subscr ip ts .  The func t ions  V may a l s o  be 

expressed as 

V appears i n  an 

An empty p a i r  of parentheses  i s  used 

3.5 Zero Frequency Response . 

The nonl inear  response a t  zero frequency is  now shown t o  be a 

p o l a r i z a t i o n  of the  plasma w i t h  no a s soc ia t ed  spec ie s  cu r ren t  d e n s i t i e s .  

This r e s u l t ,  which is  e s t ab l i shed  independently of  the  pe r tu rba t ion  

expansion, is important because s teady  s t a t e  cu r ren t s  would remove t h e  

plasma. The zero frequency component of t he  lowest order  nonl inear  
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c o n t r i b u t i o n  t o  t h e  p o t e n t i a l  is determined by r e s idues ,  

The absence of s teady  spec ies  c u r r e n t  d e n s i t i e s  a s soc ia t ed  with 

l a r g e  amplitude e x c i t a t i o n  may be shown i n  two ways. First  we no te  

t h a t  t h e  zero frequency p o t e n t i a l  must be an even funct ion o f  x 

because t h e  charge dens i ty  produced by t h e  g r i d  p a i r  s a t i s f i e s  t h e  

r e l a t i o n  

d i r e c t i o n  r e l a t i v e  t o  the  g r i d  when t h e  e x c i t a t i o n  i s  time-averaged 

over  one per iod.  

t i a l  i n  t h e  plasma is t h e  inequa l i ty  of  t h e  charge-to-mass r a t i o  f o r  

t h e  two species, which would lead t o  a p o t e n t i a l  which i s  an even 

pe(x, t  + n/w0) = p ( -x, t )  and hence t h e r e  is  no p re fe r r ed  e 

The only poss ib l e  source  of a zero  frequency poten- a 
, 

func t ion  of x . Hence, t h e r e  cannot be any zero  frequency spec ie s  

c u r r e n t  d e n s i t i e s  a t  x = 0 . The Vlasov equat ion implies  spec ie s  

c o n t i n u i t y  equat ions,  which are obtained as v e l o c i t y  i n t e g r a l s  of  

Equation (1.2.1), namely 

(3.5.1) 

i n  which I& is t h e  p a r t i c l e  cur ren t  d e n s i t y  of spec ie s  a . For 

t h e  zero  frequency component t h i s  equat ion states t h a t  t he  spec ie s  

p a r t i c l e  cu r ren t  d e n s i t i e s  are d ivergence less ;  s i n c e  they  are  zero a t  

x = 0 they  must be  zero everywhere. This r e s u l t  is  independent o f  

t h e  pe r tu rba t ion  expansion, e 
The second method of demonstrating t h e  absence of spec ie s  p a r t i c l e  

c u r r e n t  d e n s i t i e s  i s  by e x p l i c i t  ca l cu la t ion ,  

only t o  lowest non l inea r  o rde r  i n  the  p e r t u r b a t i o n  expansion. 

Equation ( 3 . 2 . 2 ) ,  so lv ing  f o r  6fa(k,v,w) , mult ip ly ing  by v , 

s u b s t i t u t i n g  f o r  f (x ,v , t )  from Equation ( 3 . 3 . 4 ) ,  and i n t e g r a t i n g  

and is  t h e r e f o r e  v a l i d  

From 

a 
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with  r e spec t  t o  v , we have 

When w = 0 

Hence t h e r e  are no zero frequency spec ie s  p a r t i c l e  cu r ren t  d e n s i t i e s .  

t h e  two v e l o c i t y  i n t e g r a l s  vanish so t h a t  6ra(k,0) = 0 . 

We now determine the  s p a t i a l  behavior of t he  lowest order  zero 

frequency p o t e n t i a l  i n  the  dominant po le  approximation. Subs t i t u t ing  

from Equations (3.3.1) and (3.3.14), t h e  quan t i ty  Sa(o)  (x,v) of 

Equation (3.3.15) is 

i n  which kI = Im{kl) . 
quan t i ty  , ' a  (O)(k,v,w) = TISa(ol (x,v) J , is 

The Laplace-Fourier t ransform of t h i s  
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(3.5.4) 

i n  which > (<) 

Equation (3). 

a n a l y t i c a l l y  cont inuing the  ve loc i ty  i n t e g r a l s  i n  the  d i e l e c t r i c  

func t ion ,  and performing the  Laplace-Fourier invers ion ,  t h e  zero 

frequency component of t he  p o t e n t i a l  is [see Equation (3.3.17)] given 

r e f e r s  t o  the  first (second) c u r l y  bracket  i n  

Introducing t h i s  expression i n t o  Equation (3.2.4), 

by 

(3.5.5) 

2 4 
p a  a a  

i n  which Ua = w q /m a . In the s ta t ic  l i m i t ,  because of t he  

i d e n t i t y  Z '+ (O)  = - 2 , the  p lus  and minus d i e l e c t r i c  func t ions  are - 
equal ,  i .e.,  K+(k,O) - 1 + (k,, 2 2  / k  ) , where kD is defined a f t e r  - 
Equation (2.1.2). The c o e f f i c i e n t s  of the  V ' s  are 

(3.5.6) 
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(3.5.7) 

Making use of t h e  i d e n t i t i e s  

[from Equations (2.2.4) and (3.3.7)) i n  Equation (3.4.7), we have 

Zt+(0) = - 2 and Z"*(O) = i 2 6 i - 

1 

(3.5.8) 

(3.5.9) 

(3.5.10) 

Using Equations (3.3.6), (3.3.7), (6), (7), (8), and (91, we have 

where 

Using Equations (3.3.6), (3.3.7), (3.3.9), (6), (7), ( l o ) ,  and (l l) ,  

we determine t h a t  [ 3, equals [ 1, . The p lus  and minus func t ions  

a r e  equal and we can eva lua te  Equation ( 5 )  by res idues .  

an obvious group of  cons tan ts ,  t h e  i n t e g r a l  t o  be evaluated is  

[ 1, denotes the  first square bracket  i n  Equation (3.5.5). 

Suppressing 



(neg 1 ec t ing Debye sh ie ld ing  po l c s )  

Evaluating by res idues ,  we have 

Hence, we obtain 

+ 

I 

-2k$Yl e 

(3 .5 .13 )  

(3 .5 .14 )  

(3.5.15) 

For a plasma cons i s t ing  of e lectrons  and s i n g l y  charged ions a t  the  

same temperature Ui = U = - Ue , where 

3 n e  
E o ( ~ K T ) ~  

U =  
5 With the  power series expansion a 

(3 .5 .16 )  

(3 .5 .17)  

Equation (15) becomes 
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+ -& e (3 .5.18)  

Since pl'* << 1 , using the  def in i t ion  o f  kD , we f i n a l l y  obtain 

0 

as the zero frequency component of the lowest order nonlinear poten- 

t i a l  i n  the plasma. 



IV. DOUBLE FREQUENCY RESPONSE 

We now cons ider  t he  response obtained from the  Laplace-Fourier 

i nve r s ion  of  Equation (3.2.4) with t h e  p a r t i a l  e x c i t a t i o n  given by 

Equation (3.3.18), which was shown t o  be adequate t o  determine the  

double frequency response.  

In  Sect ion 1 the  Fourier  inversion i n t e g r a l  f o r  t h e  s t eady- s t a t e  

double frequency response is obtained. 

contour  is deformed i n  the  

The p r imi t ive  invers ion  

k plane t o  a contour having t h e  general  
0 

cha rac t e r  of the  path of  s t eepes t  descents  for the  ion i n t e g r a l  i n  the  

l i n e a r  problem. 
-. . 

Sect ion 2 descr ibes  the  t ransformation of  the  v a r i a b l e  

of i n t e g r a t i o n  from k t o  t = Zwo/kai and t h e  sepa ra t ion  of t h e  

i n t e g r a l  i n t o  ion- l ike  and e lec t ron- l ike  i n t e g r a l s .  Sec t ions  3, 4, 

and 5 desc r ibe  t h e  t reatment  of important numerical cons idera t ions  i n  

t h e  eva lua t ion  of t h e  ion- l ike  i n t e g r a l s ,  of t h e  e l ec t ron - l ike  i n t e -  

g r a l s ,  and of t h e  r e s idue  cont r ibu t ions ,  r e spec t ive ly .  The ca lcu la-  

t i o n s  and numerical r e s u l t s  a r e  described i n  Sect ion 6. 

4.1 Formulation of Fourier  In t eg ra l s  and Deformation of Contour 

The con t r ibu t ion  o f  spec ies  a t o  t h e  Laplace-Fourier transform 

0 of t h e  p a r t i a l  e x c i t a t i o n  under considerat ion is denoted by 

(+ ) ( s ,v ) ]  . From Equations (3.3.1) and -2iw0t 
sa (+)(k,v,u) = T[e  sa 

(3.3.14), we have 
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Evaluat ing the  i n t e g r a l s ,  t h i s  i s  

(4.1.1) 

(4.1.2) 

The Four ie r  transforms a r e  v a l i d  throughout t h e  k plane ,  except a t  

k = 2kl  . 
a n a l y t i c a l l y  cont inuing the  funct ions def ined by v e l o c i t y  i n t e g r a l s ,  

t h e r e  r e s u l t s ,  i n  an obvious nota t ion ,  

Introducing t h i s  expression i n t o  Equation (3.2.41, and 

(k +w j I (4.1.3) 

Accordingly, t he  Fourier  invers ion  i n t e g r a l  from which t h e  double 

frequency response may be obtained according t o  Equation (3.3.17) 

is 



1 oc 

(4.1.4) 

The eva lua t ,m o f  t h e s e  i n t e g r a l s  by methods similar t o  t ose used 

i n  t h e  l i n e a r i z e d  problem is  now performed. 

t h e  sum of a r e s i d u e  con t r ibu t ion ,  of  i on - l ike  i n t e g r a l s ,  and of 

e l e c t r o n - l i k e  i n t e g r a l s .  By an ion - l ike  ( e l e c t r o n - l i k e )  i n t e g r a l  i s  

They w i l l  be expressed as  

meant an i n t e g r a l  whose integrand is  a product o f  a f a c t o r  

e 2iz'c-' 
2 2 

(e 2iz'c-p' ) and a funct ion no t  exh ib i t i ng  exponent ia l  

behavior .  0 
We cons ider  p o s i t i v e  va lues  of x . In each of  t h e  f o u r  i n t e g r a l s  

2 W 0  

kaa 
( f o r  given a ) of Equation (4) t he  same func t ion  Z1+(- ) appears  

bo th  i n  V and i n  K . Therefore ,  t h e  r e l a t i o n  of t h e  p r i m i t i v e  

Four ie r  invers ion  contour t o  branch c u t s  is  t h e  same as i n  t h e  

1 / 2  l i n e a r i z e d  problem. See Figure 3 .  Because V ( - -+ kaa 

has  a pole  a t  

J F'c, 
2w0 

k = 2kl , we proceed i n  t h e  k plane d i r e c t l y  t o  t h e  



deformed contour shown i n  Figure 9. For z ? 1.9 , t h i s  contour has 

t h e  general  cha rac t e r  of the  path of s t e e p e s t  descents  f o r  an ion-l$ke 

i n t e g r a l .  

We cons ider  the  i n t e g r a l s  whose p r imi t ive  contour of i n t e g r a t i o n  

5 1/2  is  t h e  nega t ive  r e a l  axis. The behavior of V-* 

as lkl * 0, 0 5 arg{k) 5 'II , must be determined. I n  t h i s  reg ion ,  

t h e  asymptotic behavior 

(4.1.5) 

g ives  

The behavior of V+, (Ca,Qia1'2Ca) as k + 0 on the  p o s i t i v e  

axis is  t h e  same. Hence, t h e r e  i s  a simple pole  of t h e  i n t e g r a l s  a t  

k = 0 , as i n  t h e  l i nea r i zed  case.  I t  has no e f f e c t  on the  ca l cu la -  

t i o n  a f t e r  the  fo ld ing  of the  contour i n  t h e  k plane.  

( 5 , C ' )  * constant .  Hence, t h e  deformation of 
v+( 1 As lkl * , 

contour descr ibed can be c a r r i e d  out.  Denoting the  deformed contour  

by C , we have 0 

(4.1.7) 
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The cha rac t e r  of the  r e s idue  cont r ibu t ion ,  

below. 

P , w i l l  be  considered 

4.2 Transformation of Variable  of I n t e g r a t i o n  and Separat ion of 

I n t e g r a l s  

We now make a t ransformation o f  t he  v a r i a b l e  of i n t e g r a t i o n  t o  

c Z Zwo/kai . In  terms of t h i s  var iab le ,*  

(4.2.1) 

2 For t h e  case f << 1 

cons idera t ion ,  

(f = wo/wpi , as before)  t o  which we now l i m i t  

(4.2.2) 

As noted i n  t r e a t i n g  the  zero frequency component, f o r  a plasma composed 

of e l e c t r o n s  and s i n g l y  charged ions a t  the  same temperature,  

, where U is given by Equation (3.5.16). The d e f i n i t i o n  

z , remains unchanged, 
u i = u = -  ue 
of t h e  dimensionless d i s t ance ,  

t h e s e  r e l a t i o n s ,  t h e r e  results 

Making use  of 

* The r e l a t i o n  between and k l  is unchanged: c1 = 
wo/klai Also, as before ,  = 1.45 - 0.6Oi . 



i n  which C’  denotes the  contour of Figure 6, and 

(4.2.3) 

i 
C=GT 

The presence of t he  V’s prevents  a d i r e c t  r e s o l u t i o n  i n t o  

e l e c t r o n - l i k e  and ion - l ike  i n t e g r a l s  of  t h e  s o r t  achieved i n  Equation 

(2.2.7) through the  use  of Equation (2.2.6).  

r e l a t i o n  

We make use  o f  t h e  

where 

(4.2.6) 

which fol lows from Equations (3.3.7) and (3.4.7).  With t h i s  r e l a t i o n  

and Equation (2.2.6) we obta in  the  des i r ed  r e so lu t ion :  
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(4.2.7) 

The first term c o n s i s t s  of t h e  sum o f  an ion - l ike  i n t e g r a l  and an 

e l e c t r o n - l i k e  i n t e g r a l  whose integrands d i f f e r  i n  the  same way as the  

in tegrands  of t h e  ion and e l ec t ron  i n t e g r a l s  i n  t h e  l i n e a r  response.  

That i s ,  t h e  in tegrands  d i f f e r  only i n  t h a t  one conta ins  t h e  f a c t o r  
CI e. 

while t h e  o t h e r  conta ins  the  f a c t o r  p 1/2e-pSL . See Equation 4' e 

(2.2.7). 

be t h e  p o t e n t i a l  i n  t h e  l i nea r i zed  theo ry  a t  t he  p o i n t  

second and t h i r d  terms a re  cast i n  a form which resembles, as f a r  as 

is  f e a s i b l e ,  t h e  i n t e g r a l s  i n  t h e  l i n e a r i z e d  theory.  

of t h e  i n t e g r a l s  which is convenient from a computational s tandpoin t  

i s  

If t h e  c u r l y  bracke ts  contained u n i t y ,  t h e  f i rs t  term would 

2 2  . The 

A rearrangement 

0 



L 

L 

This expression f o r  S(')(x) i n  t h e  dominant po le  approximation w i l l  be 

evaluated numerical ly  below. The double frequency component of  t he  

-2iw0t (+) lowest order  nonl inear  response i s  given by 2Re{e s ( X I )  . 
See Equation (3.3.17). 

4 . 3  Evaluat ion of  Ion- l ike  In t cg ra l  
2 

The pa th  of  s t e e p e s t  descents  f o r  t h e  integrand e 2 i z / c - s  is 

chosen for t h e  eva lua t ion  of  t he  ion- l ike  i n t e g r a l .  Since t h e  dominant 
0 

p o l e  approximation is  probably n o t  v a l i d  f o r  

.below, t h e  s t e e p e s t  descent  contour l i es  below t h e  f i rs t  po le  f o r  a l l  

z S 2.5 , as is  d iscussed  

va lues  of z which are  of i n t e r e s t .  Ce r t a in  important numerical  

cons idera t ions  are now discussed.  

I t  is  conver.ient t o  t r e a t  t h e  p a r t s  of the  ion - l ike  i n t e g r a l  which 
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(<,+r,) and R ( < , 2 C l )  as a u n i t .  In prepara t ion  f o r  
v+t con ta in  

this, we s ta te  the  i d e n t i t y  

(4.3.1) 

which may be obtained from Equation (3.3.7). 

Equation (3.3.9) we ob ta in  the  two r e l a t i o n s  

Using t h i s  i d e n t i t y  and 

Applicat ion of Equation (2) g ives  

S imi l a r ly ,  from Equation (3) ,  w e  have 

Combining t h e s e  r e s u l t s  and us ing  the  r e l a t i o n  Z'+(C1) = - Z ' + ( p  1/2 C1), 

which r e s u l t s  from the  fact t h a t  

r e l a t i o n  f K + ( C l )  = 0 [see Equation (2 .2 .8 ) ] ,  we have 

Cl is a s o l u t i o n  of the  d i spe r s ion  

2 
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Since  151 5 O(1) 

an approximation based upon the  power s e r i e s  expansion 

f o r  t he  ion- l ike  i n t e g r a l ,  it is necessary t o  use a 

We now consider  t he  p a r t  of the ion - l ike  i n t e g r a l  which conta ins  

' I 2  'I2 is  r egu la r  a t  5) v +k (v''2<,*p c,) . The function v++(p <,p 

5: = Cl , as may be v e r i f i e d  by expanding Zt+(p1/25.) and Z" (v"~<)  

1/2 

+ 
'/*c and s u b s t i t u t i n g  i n t o  the  appropr ia te  1 i n  power series around p 

form of Equation (3.4.7).  The result  is  

I t  is used t o  approximate V++(v1/2<,p'/251) i n  the  ion - l ike  i n t e g r a l .  

The funct ion V+- (v'/2s ,-v"*<~) is convenient ly  expressed f o r  

computational purposes i n  the  ion- l ike  i n t e g r a l  as 
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The second and t h i r d  terms c o n s i s t  of  t he  product o f  a l a r g e  f a c t o r  

[ f 1 / 2  

d i f f i c u l t y  is removed by expanding Ztt+(p’/*c) and 2,*(p’/2c) 

and p-’ , r e spec t ive ly )  and a small f a c t o r .  The computational 

i n  

. The r e s u l t  i s  1/2 power ser ies  around p 

The r e l a t i o n s  der ived  i n  t h i s  s e c t i o n  make it poss ib l e  f o r  us t o  

e v a l u a t e  t h e  ion - l ike  i n t e g r a l  of Equation (4 .2 .8 )  along t h e  pa th  o f  

s t e e p e s t  descents  through t h e  appropr ia te  saddle  po in t  of t h e  exponent 

i n  t h e  func t ion  e 
2 2iz/5-5 0 

4.4 Evaluation of E lec t ron - l ike  In t eg ra l  

The p a r t  of  t he  e l e c t r o n - l i k e  i n t e g r a l  i n  Equation ( 4 . 2 . 8 )  con- 

bears t h e  same r e l a t i o n  t o  p a r t s  of t h e  ion- t a i n i n g  a f a c t o r  p ’/’ 
l i k e  i n t e g r a l  t h a t  t h e  e l ec t ron  i n t e g r a l  bea r s  t o  the  ion i n t e g r a l  i n  

t h e  l i n e a r i z e d  problem. Therefore,  numerical  i n t e g r a t i o n  of  t h i s  
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i n t e g r a l  may be s t a r t e d  a t  a value of f o r  which is s u f f i c i e n t -  

ly l a r g e  t h a t  asymptotic expansions may be used t o  approximate der iva-  

t i v e s  of Z+(r) i n  t h e  integrand.  The deformed contour o f  i n t e g r a t i o n  

used is t h a t  chosen for t h e  e lec t ron  i n t e g r a l  i n  t h e  l i nea r i zed  problem 

with 2 * 22 . The quan t i ty  i n  square bracke ts  containing 

V+*(C,kcl) is expressed as 

I n  t h e  asymptotic region,  t h i s  is approximately equal t o  (12r;,/S4) . 
Evaluation of t h e  i n t e g r a l  containing the  f a c t o r  of Equation ( l ) ,  

based on t h i s  approximation, shows t h a t  it makes a n e g l i g i b l e  contr ibu-  

t i o n  t o  a three-p lace  c a l c u l a t i o n  of [S (+I 6 (x) / f  (-2miC)l. The quan t i ty  

i n  square b racke t s  conta in ing  V+k(~1’2c,k~1’2~l) is expressed i n  a 

form convenient both for computation and f o r  inspec t ion  of  i t s  behavior 

as IC1 becomes l a r g e ,  as 

(4.4.2) 
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The eva lua t ion  of  t h e  remaining e l ec t ron - l ike  i n t e g r a l  of Equation 

(4.2.8) is now considered. 

e l e c t r o n - l i k e  i n t e g r a l  i n  no t  having a counterpar t  i n  t h e  ion - l ike  

i n t e g r a l .  

i n t e g r a t i o n  i n  t h e  asymptotic region f o r  plasma d ispers ion  func t ions  of 

argument t . 
we denote by 

This i n t e g r a l  d i f f e r s  from the  o t h e r  

Hence, it i s  not  poss ib le  h e r e  t o  s t a r t  t h e  numerical 

For eva lua t ion ,  the  quan t i ty  i n  c u r l y  b racke t s ,  which 

less than N , must be expressed i n  two forms f o r  

0 and g r e a t e r  than 0(1) . These forms are 

The absence of  a f a c t o r  

permits  us t o  use as a contour of in t eg ra t ion  a s t r a i g h t  l i n e  from the  

o r i g i n  with an angle  t o  the  p o s i t i v e  r e a l  a x i s  of -n/6 . 

[f2K+(<)] i n  t h e  i n t e g r a l  being considered 

4.5 Residue Cont r ibu t ions  

(+I 6 The r e s idue  con t r ibu t ions  t o  [S (x) / f  (-2niC)J may be determined 

from Equation (4.2.3).  

which conta ins  

(4.2.7) are given by 

There is a r e s idue  con t r ibu t ion  from each term 
0 

[ f 2 K + ( C ) ]  . The res idue  con t r ibu t ions  i n  Equation 
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The f irst  group of terms has a double pole  a t  

simple pole .  

< = C l  , t he  second a 

To obta in  the  r e s idue  of the  double pole ,  each f a c t o r  i n  the  f i r s t  

< = c1 . group of terms is expanded i n  a Laurent s e r i e s  around 

Laurent series f o r  

The 

[ f 2 K + ( 5 )  1-l is represented by 

I - a-1 +.a,+. . 
f2K+(S) - (5-5,) 

where a -1 = f z K ' + ( C 1 )  and 

(4.5.2) 

(4.5.3) 

The expansions f o r  < , e 2iz/< , and [ ' + + ( C J C l )  - v++(p1'2<Jp1'2<1)] 

[see Equation (4 .3.8) ] ,  a r e  

(4.5.4) 

(4.5.5) 

The r e s idue  of the  double pole  is  the c o e f f i c i e n t  of ( c  - C1)-' i n  

t h e  product of the  Laurent expansions. The t o t a l  r e s idue  i s  



The V I S  are  determined by 0 

(4.5.7) 

(4.5.8) 

4 .6  Numerical Resul t s  

The range of z f o r  which the dominant po le  approximation y i e l d s  

a v a l i d  p red ic t ion  of the  lowest order  nonl inear  response i s  now 

es t imated .  The s u b s t a n t i a l  devia t ions  o f  t h e  p o t e n t i a l  i n  t h e  l i n e a r  

theory  from the  dominant po le  approximation are two: 

tude,  heavi ly  damped, con t r ibu t ion  near  t h e  g r i d ,  and t h e  e l e c t r o n  

wave a t  l a r g e  d i s t ance ,  which is  weakly damped. 

t h e  l a r g e  ampli- 

0 
Let each of t h e s e  two con t r ibu t ions  be represented  approximately 

by an  exponent ia l  term with a complex wave number. Each produces a 

con t r ibu t ion  t o  Sa(+'(k,v,w) of the  same form as Equation (4.1.2) 

with an appropr i a t e  amplitude and with a p a i r  of simple po le s  a t  

f. 2k o r  5 2k . The s u b s c r i p t s  g and e denote  t h e  heav i ly  g e 
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damped response nea r  the  g r i d  and t h e  e l ec t ron  wave, r e spec t ive ly .  

The quadra t i c  combination of the  l i n e a r  response which d r ives  S") (x) 

has  a wave number spectrum charac te r ized  by poles  a t  two times those 

i n  t h e  l i n e a r  response.  

response near  t h e  g r i d  g ives  a n e g l i g i b l e  con t r ibu t ion  t o  t h e  l i n e a r  

Accordingly, s i n c e  the  heavi ly  damped 

response f o r  

S(+)(x) l eads  t o  n e g l i g i b l e  e r r o r  for z 2 2 .5  . Furthermore, s i n c e  

t h e  e l e c t r o n  wave produces devia t ions  from the  dominant po le  response 

in t h e  l i n e a r  theory  for 

S(*)(x) 

for z 2 10 . 

z 2 5 , we expect tha t  neg lec t  of it i n  c a l c u l a t i o n  of 

0 
z 20 , we expect t h a t  c a l c u l a t i o n  of  

on t h e  b a s i s  of  the  dominant po le  approximation is  n o t  v a l i d  

The numerical eva lua t ion  of the nonl inear  response was performed 

on t h e  TRW On-line Computer.8 

No simple i n t e r p r e t a t i o n  i n  terms of a dominant po le  is  poss ib le .  

The r e s u l t s  a r e  displayed i n  Figure 10. 

The 

dominant i n t e g r a l  f o r  a l l  values  of z is t h e  e l ec t ron - l ike  i n t e g r a l  

of Equation (4.2.8) which does not conta in  t h e  f a c t o r  I.I ''* . The 

integrand decreases  more r ap id ly  with inc reas ing  

i n t e g r a l  i n  the  l i n e a r  theory  and becomes very small long before  the  
2 

absolu te  va lue  of t h e  f a c t o r  e-" starts t o  decrease  s u b s t a n t i a l l y  

below uni ty .  

e l e c t r o n  wave i n  the  l i n e a r  theory. For small values  of z t h e  

15 I than t h e  e l ec t ron  

Thus, t h e  response is damped much more s t rong ly  than the  0 
r e s i d u e  con t r ibu t ions  are comparable with the  i n t e g r a l  j u s t  discussed;  

by z = 7 , they  become neg l ig ib l e .  An i n t e r e s t i n g  c h a r a c t e r i s t i c  of 

t h e  response is t h a t ,  al though the  damping i s  s u f f i c i e n t l y  s t rong  t o  

be  c h a r a c t e r i s t i c  of an ion wave, the  change i n  phase i s  so small as 

t o  suggest  an e l ec t ron  wave. 
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V. CONCLUSION 

We have introduced a new method f o r  t h e  numerical eva lua t ion  of  

t h e  Four ie r  invers ion  i n t e g r a l  which occurs i n  the  l i n e a r i z e d  theory 

of g r i d  e x c i t a t i o n  of low frequency long i tud ina l  waves i n  a co r re l a -  

t i o n l e s s  plasma. The advantages of t h e  method, discussed above, lead 

us t o  view t h e  v a r i a b l e  

number, k , f o r  t r e a t i n g  t h i s  problem. The numerical r e s u l t s  obtained 

f o r  t h e  case of f i n i t e  separa t ion  between the  g r i d s  demonstrate t h a t  

t h e  n a t u r e  of t h e  response is  determined pr imar i ly  by t h e  charac te r -  

istics of  t h e  plasma, as embodied i n  t h e  d i e l e c t r i c  func t ion ,  r a t h e r  

than  by t h e  s p a t i a l  c h a r a c t e r i s t i c s  of t h e  exc i t a t ion .  

l i m i t ,  we have v e r i f i e d  the  r e s u l t s  obtained by Gould. 

5 = wo/kai as more appropr ia te  than t h e  wave 

a 

In  the  d i p o l e  

4 

We have developed a per turba t ion  t reatment  of the  Vlasov equation 

which is  appropr i a t e  f o r  t he  determination of the  s t eady- s t a t e  reponse 

of a plasma t o  g r i d  e x c i t a t i o n  of amplitude somewhat g r e a t e r  than t h a t  

fo r  which t h e  l i n e a r  theory is appropriate .  

t h e  theory t h e r e  a r e  components at zero  frequency and a t  twice t h e  

app l i ed  frequency. 

t i o n  of t h e  plasma. 

c u r r e n t  d e n s i t i e s .  

expansion. 

In  t h e  lowest order  of  

The zero frequency component is a s ta t ic  po la r i za -  

There a r e  no zero frequency spec ie s  p a r t i c l e  

This r e s u l t  i s  independent of the  pe r tu rba t ion  0 

The double frequency component involves  a double i n t e g r a l  with 

r e s p e c t  t o  Four ie r  transform var iab les  which is f u r t h e r  complicated by 

t h e  presence of branch-points i n  the p l ane  of one Four ie r  transform 

v a r i a b l e  whose pos i t i on  depends on t h e  va lue  of the  o t h e r  Four ie r  

85 
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t ransform va r i ab le .  

is  rendered f e a s i b l e  by approximating the  l i n e a r  response by i t s  

dominant po le  cont r ibu t ion .  

obtained.  

l i n e a r  problem. 

i n t e r p r e t a t i o n .  

a slow phase v a r i a t i o n  with d is tance ,  l i k e  an "e lec t ron  wave". 

The evaluat ion of the  double frequency response 

A s i n g l e  Fourier  invers ion  i n t e g r a l  is 

I t  is evaluated by methods similar t o  those used i n  t h e  

The double frequency response does not have a simple 

I t  is s t rong ly  damped, l i k e  an "ion wave", but  has 

Poss ib le  extensions of the  present  work which might shed l i g h t  

on t h e  na tu re  of t h e  nonl inear  wave inc lude  cons idera t ion  of d i f f e r e n t  

va lues  of the  mass r a t i o  and of the  r a t i o  of e l ec t ron  t o  ion tempera- 

t u r e .  

0 



APPENDIX A 

INVERSION OF CONFORClAL TRANSFORMATION FOR 

PATH OF STEEPEST DESCEWS 

The invers ion  of t he  conformal t ransformation,  Equation (2.3.4),  

t h a t  is, t h e  determinat ions of  w(t)  , is  performed by i t e r a t i o n .  Two 

i t e r a t i v e  procedures* a r e  used; each is  convergent over only p a r t  of 

t h e  range - 3.1 5 t 5 3.1 . 
v a r i a b l e  u = w - w and t h e  r ecas t ing  of Equation (2 .3 .4 )  a s  

One procedure is  based upon the  

0 

The o the r  procedure is based upon the  v a r i a b l e  

r ecas t ing  of Equation (2 .3.4)  as 

'I = w/wo and the  

2+ T 3  

Equations (A.l) and (A.2)  a r e  of the form v = G(v) . They a r e  

employed t o  obta in  success ive  approximations t o  v by the  r e l a t i o n  

V The procedure of  Equation (A.l) is convergent f o r  

p o s i t i v e  values  of t and f o r  small nega t ive  values  of t . The 

= G(v,) . n + l  0 
procedure of Equation (A.2) is convergent f o r  va lues  of 

a small  nega t ive  value.  

,t l e s s  than 

The two regions of  convergence over lap  f o r  

a l l  values of z i n  t he  range of i n t e r e s t .  In  both cases ,  zero is a 

These procedures were developed by Professor  B. D .  Fr ied.  
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s a t i s f a c t o r y  value f o r  v1 . 
used here ,  l i t t l e  advantage i n  reduction of computation t ime is gained 

by a "favorable" choice of 

power s e r i e s  i n  t . 

For i t e r a t i v e  procedures of  t he  type 

v such a s  an approximation given by a 1 '  

The convergence c h a r a c t e r i s t i c s  of i t e r a t i v e  procedures based on 

10 a func t iona l  r e l a t i o n  of t h e  f ixed  po in t  form v = G(v) can be 

understood t o  some ex ten t  by considerat ion of the  r e l a t i o n  

Expanding G(v,+~) i n  a s e r i e s  i n  powers of (Vn+l - Vn) # t h e r e  

r e s u l t s  . 

This  suggests  that an i t e r a t i v e  procedure converges well when 

lG*(vn)l i s  small compared with uni ty .  In t h e  procedures 

this r u l e  i s  obeyed. F a i l u r e  of convergence occurs when 

The procedure of Equation (A.l) i s  used, with the  mod 

used here ,  

G I 1  5: O(1). 

f i c a t i o n  

of v a r i a b l e s  spec i f i ed  i n  Sec t ion  2.5, t o  determine t h e  p a r t  of the  

pa th  of  s t e e p e s t  descents  f o r  e iz/c-pc2 which i s  used i n  eva lua t ing  

the e lec t ron  i n t e g r a l ,  viz., t h a t  par t  f o r  which 0 t I 3.1 . - 0 
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